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PEEFACE. 



The Author of this Essay has been forewarned that the 
adoption of the subscript differential notation, which forty 
years ago was in some degree of favour but afterwards laid 
aside, will prove a serious hinderance to the acceptableness 
of the present Work, as it will be new to the generality of 
mathematical students, and therefore somewhat repellent. 
He regrets the circumstance, and feels that an explanation 
and apology are needed; and he finds both in the fact that 
the notation alluded to has been forced upon him by the 
necessities of the case ; and, moreover, he ventures to think 
that the reader after going through the Essay will agree 
with him in this, and be willing on this ground to excuse 
such an important deviation from established mathematical 
usage. 

The Author denominates his Work a!.n Essay, because as 
a TfiEATiSE it would be very incomplete, there being many 
portions of the general subject not aUuded to in these pages. 
For information on those portions be must refer the reader 
to Boole and Gregory and Carmichael, with whose admirable 
and valuable Works he has been, careful to interfere as little 
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as possible. In fact, he has consulted them only for such 
illustrative examples as fell within the scope of his Essay. 
He is conscious of having apparently intermeddled with the 
integration of equations of one independent variable; but 
this has arisen out of the peculiarities of the Author's 
system, by which every equation, whatever be the number 
of its independent variables, is reduced to an equivalent 
equation of only one independent variable. It was therefore 
impossible to keep the two branches of differential equations 
apart. 

The system of integration here proposed occurred to the 
mind of the Author a few years ago, but his professional 
engagements did not then leave him leisure to follow the 
general idea into its details. And, as his object is merely to 
render his Method thoroughly intelligible, and not the ex- 
hibition of integrals, he has for brevity's sake not always 
proceeded to the last steps of an integration when he con- 
ceived that the method had been made intelligible. 

The Author fears a cursory glance at the pages of the 
Work will have a prejudicial effect; for he is aware that 
some of them exhibit a formidable and deterrent array of 
novel symbols ; he therefore begs to assure the reader that 
the various steps of the investigations are all obedient to- 
one general principle, and though in some degree novel, 
are not really difficult, but on the contrary easy when the 
eye has become accustomed to the novelties of the notation. 
And, moreover, he entertains a hope that the results of 
integrations (many of which are far more general than they 
were in the shape in which they have appeared in former 
Treatises) will repay the reader for any extra trouble he 
may find in pushing through what may at first appear to 
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him a forest of operative symbols. Many equations will be 
found in this Essay integrated with ease in finite terms, 
which, as far as the Author is aware, were never integrated 
in finite terms before. In the last Chapter, for instance, 
the following highly important equations will be found in-, 
tegrated for the first time in finite terms; 

ax ay ' 

Three more important partial differential equations could 
hardly be instanced, and a finite integral of each one of 
them is obtained in this Essay without any difficulty. 

The Author can scarcely hope that in a work so novel 
in its methods as this is, and written as this has been under 
considerable pressure of other engagements, some clerical 
errors will not have escaped his notice ; but he hopes that 
they will not prove to be many, and that none of them 
will involve errors of principle. If any are found, he will 
be thankful if the courteous reader will send notice of them 
addressed to him at the Publishers. 



Octoher 2, 1871. 
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Page 68, line 19, for question reaA equation. 
. „ 69, „ 18, for / read F. 
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CHAPTER L 

GENERAL PRINCIPLES OF THE ESSAY. 

It is known that the integration of differential equations 
is oftentimes .much facilitated by a change of one or more of 
the independent variables, and sometimes also by changing 
the dependent variable. The process is however often tedious, 
and it is frequently far from obvious what ought to be chosen 
as the new variables, even when it is seen that a change 
should be made. 

The system of integration to be proposed in this Essay is 
founded on a simple principle of choosing new variables ; and 
the change of variables is effected with great ease. And the 
most important feature of the system is, that whatever be the 
number of original independent variablcB, the work of integra- 
tion is at once reduced to the use of one independent vari- 
able only. 

1. If f, a;, ^, ... be n independent variables, and u the 
dependent variable, it is understood that dtU^ dg,u, dja^ d^u, ... 
are partial differential coefficients ; by which is meant that 
in finding the value of di% i.e. in operating on u with the 
symbol di, we are to consider a;, y, 0, ... as constants : in ope- 
rating on u with d,^ then t,y^z,..^9XQ to be coxxsidered aa 
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constants; and so on. It is here proposed to express this 
briefly by the use of the word qvasi-constant. Thus in refer- 
ence to the use of the symbol dt , we shall denominate x,t/,z,... 
and any functions of them qtmsi-constants : the use of d^ will 
imply that t,y,z.,. and their functions are quasi-constants ; 
and so on. 

2. If St be the symbol of integration corresponding to d^ 
the symbol of differentiation, then we know that after the 
operation s^ we must add to complete the integral an arbitrary 
function of a;, y, z, ...its quasi-constants: and this principle 
is general and may be thus stated, — after an operation of in- 
tegration we are to add to the integral an arbitrary Junction 
of the corresponding quasi-constants; and all the variables 
which were considered constants in differentiation are to be 
considered quasi-constants in integration. 

Change of the independent variables. 

3. If from the (n) independent variables t, x, y, z, ... we 
wish to pass to a new set t, f , 97, f ..., formulae for this pur- 
pose are ready to hand in the Differential Calculus. They 
are of the following type : 

{dru) = dtU . {dri) + d^u . {d^) + dyU . {d^y) + (1). 

This is only one of the (?i) requisite equations, and the 
other (n — 1) equations may be obtained from this by writing 
successively in this f, rj,^,... for t. But it is possible, when- 
ever the forms of f, 97, f ... are at our disposal, to assign them 
sUch values in terms of t,x,y,z,...a& shall render the above- 
equation (1) suflScient by itself for our purpose ; so that by a 
proper choice of values for f, ^, (T, ... any partial differential 
equation of n variables may be reduced to an equivalent 
equation of one variahle and (n — 1) qmrn-constants. This is 
the principle on which this I^say is founded. The method of 
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iassignihg proper forms for- the quasi-constants ^,'97, f, •.•in 
terms of t, a?, y, i?, ... the original independent variables will 
be best learned jfrom the examples which will be given. 

• 

. Distinctive Symbols of operation for different sets of ind^- 
i pendent variables. 

4. In the formula (1) certain terms are enclosed in 
brackets ; this is done to indicate that before the dififerential 
operations indicated in them are performed, ty\x, y... must be 
expressed in terms of the new variables ; or, that the operations 
are to be performed on the supposition that «^ is so expressed. 
In brief, the distinction of brackets and no brackets in equa- 
tion (1) refers to the fact that there are operations to be 
performed in that equation in reference to two sets of inde- 
pendent variables. Had we to write down an equation in 
which dififerential and integral operations would have to be 
performed in reference to three or more sets of independent 
variables, we should have to employ two or more kinds of dis- 
tinctive brackets to indicate that fact. Now it is proposed in 
this Essay.to indicate this fact by employing distinctive dif- 
ferential and integral symbols of operation, and so to abolish 
the distinction by brackets. Thus, when r, f, 97, f ... is the set 
of independent variables referred to in a dififerential or inte- 
gral operation, we shall use D and S as the symbols of opera- 
tion ; if t'', f, ff, f, ... be the set of independent variables, we 
shall indicate that fact by using A and X as the symbols of 
operation ; and so on for any number of sets. Under this 
system equation (1) of Art. 3 will be written without brackets 
thus, — 

D^u = dtU . Djt+ dggU.D^ + dyU.D^y + (1). 

• 5. In speaking about diflferent sets of independent vari- 
ableSy it is to be noticed that it is not necessary that every 
individual member of one set should be dififereiLt ixoTOL ^^^x^ 
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individual member of another set. Ifsome, even if one, of one 
set be di£ferent from all of another set this is sufficient to esta- 
blish them as different sets, and to entitle them to the use of 
distinctive differential and integral symbols of operation. 

6. In fixing the values of a new set of independent 
variables in terms of the original set^ it is of importance to 
take care that each member of the new set be really an inde^ 
pendent variable ; Le. that it be such as cannot be expressed 
in terms of the other members of its own set. Unless this 
condition of independence be observed, we shall be working 
under an erroneous hypothesis. 

7. Under the authority of Art 5 we are at liberty to 
assume, whenever it can be done usefully, that one of the 
variables of each new set shall be identical with one of the 
variables of the original set, — for example, we may assume 
r as f, in which case equation (1) of Art 4 becomes 

DtU = dtU+ dgU.Dp: + d^.Dty + (1). 

But when we use this equation, which will always be 
known from the occurrence of the symbol D^ or 8^^ we must 
remember that there remain only (n — 1) new independent 
variables (the quasi-constants) of the set to be determined, 
one of them {t) being already fixed upon in using this equa- 
tion. 

8. In determining what shall be the forms of the con* 
stituent members of a new set of variables, we are at liberty 
to introduce n arbitrary hypotheses if we use equation (1) of 
Art. 4; but only (w— 1) arbitrary hypotheses if we employ 
equation (1) of the last Article. The arbitrariness of these, 
hypotheses is however overruled by the necessity that the 
resulting members of a set of variables determined from them 
must be independent (Art. 6). 
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CHAPTER IL 

DETERMINATION OF QUASI-CONSTANTS, EQUATIONS OF THE 

FIRST ORDER. 



Ex. 1. To integrate d^a, + ad^ = hru 

Let us change the independent variables to f, f. Then 
the formula of Art. 7 becomes for this case, which is one of 
two independent variables, 

2?jW = rfiM + 2?^.(4w. ...•••. (1). 

We are at liberty to make one hypothesis (Art. 8) for the 

determination of the value of f ; let us assume D^c = a. We 

make this choice, because by this assumption the right-hand 

member of the formula (1) will be rendered identical with the 

left-hand member of the proposed equation ; so that we shall 

have DtU = 6w ; 

.*. Dfo^a^ and DtU — hu, 

and these two equations, taken simultaneously, are together 
exactly equivalent to the proposed equation. Integrating 
them we have (see Art. 2) 

x^at + ^, and e^u = F{^). 
The former gives the value of f ; and this value being written 
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in the latter, we have the following as a relation that must 
always exist between u and the independent variables t, x, 

u^^Fix-at). 

This is therefore the required integral. 

9. Remark. According to Art, (2) we ought to have 
written x = at +/(f ) instead oi x = at + ^, to complete the in- 
tegration of Dfs = a : but had we done so the final integral 
would not have been affected thereby : and we were moreover 
at liberty to take either x — at, or any function of a? — a^ as 
the value of f . Under this license no additional generality 
would be gained by the use of /f instead of f. We shall 
always make use of this liberty by adding either f , or a func- 
tion of f , after on^ of the integrations in any proposed problem. 

Ex. 2. To integrate d^u + adjii + hdyU s=cu. 

In this case, which is one of three independent variables^ 
we have to change the variables to <, f, 37 ; and the formula of 
Aft. 7 becomes 

DtU=^dtU + D^.dgU + Dii/,dyU. 

We are here at liberty to make two hjrpotheses for the 
determination of the quasi-constants f and rj. We therefore 
assume D^x = a, Dty = b ; which gives D^u = cu. These three 
equations, when taken simultaneously, are equivalent to the 
proposed equation. 

We shall employ the first and second for fixing the values 
of f and f] I 

.•. x=^at + ^, y-ht + Vf aiid e'^u=^F{J^j7f). 

And by substituting in the last of these the values of f 
and 1; found from the other two we find, as the required 
integral, 

u=^^F{x-'at,i/'-bt). 



\ - • 



EQUATIONS OF .THE FIEST ORDER. : 

Ex. 3. To integrate d^w + - . dgU = -^ # 

Comparing this, which is a case of two independent Vari- 
ables, with I>iU = diU + DtX.d„u, we find the two following 
equations which when taken simultaneously are equivalent to 
the proposed equation ; 

Bfpc = - , and I^tW= -j . 

X OCT 

The former by integration gives aj' = ^ + f , whicli 6xes 
the value of f : and the two equations combined give 

■ • . ,• ■ . • 

which being integrated gives - = J* (f ) ; 

OS 



Ex. 4. To integrate J,u+-.dji = 



Comparing this with the formula D{iJL^dtU-\-D^,d^u^ 
we have . 

i>^ = -, and DiU^—r-\ 
t t 



.*• uDiU^c?xDffx)^Q\ 



Also ^ .2?^ = -= — ?; 



/. log(aa; + VaV + f)=alog^ + logi^(f); 
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Ex. 5, To integrate dtu + -. dji + - . cf^M = — . 

Comparing this, which is a case of three independent 
variables, with 

we have 

r\ 35 .»% d t -r\ WW 

2?^ = -, J9^ = -, and i/|W= Y» 
These equations being integrated give 

» = *?, €« = ei7, and r'M = JP'(f, 17); 

Ex. 6. To integrate d„V,dtU — d^V.dgU=iO. 
Divide by e4 7, and compare with 

DtU^d^u+D^.d^u) 

dV 
.\ DpC = — -4-199 and 2?<w = 0. 
"^ d^V- 

The latter gives by integration w = f, and the fonher may 
be written in the form O^^dtV+Bfcdg^V which is ^D^V. 
And hence, by integration, 

Hence, in an equation of the form proposed, the de* 
pendent variables w, V are necessarily functions of one 
another. We may write the integral under the form 

OS ti it 

Ex, 7. To integrate d^— -.d„u + ^.d^u = ^ . 

t t 1 00 



EQUATIONS OF THE FIBST ORDEB. 

Comparing this equation with 
we have 



Bfls---, -% = |. and Am = ^ 



i2 • 
X 



The first two give to = f and y = ^17, and these being used 
in the third to eliminate x and y, we have 

Dm, = 4- . ^t. (f> 17 are quasi-constants) ; 



^« «» 



Ex. 8, To integrate d^u-- -. djti, '\'-djii^j- * 

t X tw 

In this example, 

2 

/. f = to, 17 = ye 2^, and JJ^w = -^ • ^f ; 

f 

-f •e'oj^^ef +jF'(to, ye^zo;). 
tx 

JyUi 
Ex^ 9. To integrate d^u + acZ,w + ^^^^ = 0. 

Comparing this with the usual formula we have Dfpc = a, 
and (Ai + >b?) I?<u = — Si«. Hence 

x-at + ^i and D, (Ae + fe) = ^ + ^a. 
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It still remains to integrate 

Multiply by {ht + Jcx)'^\ m being at present an unknown 
constant : 

We see at a glance that this will be an exact dififerential, 
if m be such that b = mDt {ht + kx), that is, if 



0? , au 



Ex. 10. To integrate e7*M + ^ • dju = ^ . 

t ht + kx 

In this example. 



J)^ = 7 > and DtU = 



». ' * 



t ' ht + kx* 

.*. x^^tj and (ht + kx) D^u^au; 

.*. WfU = T — T^ (f is a quasi-constant) ; 






Ex. 11, To integrate 

diU + ad^u + bdyU = c, and diU + adggU + b'dyU=^(} 
simultaneously. 

Proceeding with the former of these as before, we have 
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which being integrated give 

aj = a^ + f, y = ht + rjy and u = ct + F{^, rj) 

Now substitute the^ value of w, given in the last equation, 
in the second of the simultaneous equations, using F for 
F(x'-at,t/'-bt) for brevity, 

.V (o - a) d^F+ {b - SO d^F- c - c\ 

This is an ordinary dififerential equation of the first order 
with constant coeflScients, and being integrated as in Ex- 
amples preceding gives 

cf c'17 



F^f[{h'-V)^^{a:^a)ri\ + 



a — a 6 — 6 



1 9 



ft 

10. In equations of the first order, if the coefficients be 
of a symmetrical form, it will sometimes be found to simplify 
the process .of integration if we use the formula of Art. 4, 
instead of that of Art. 7. 

Ex. 12. To integrate (a? + 1) dtU + (a? — <) d^u = au. 
Comparing this with 

D^u^ dtU . Dji + dg^u . i>^, 

we have the following equations. 

From the last two we obtain 

tD^ '\- xD^ ^ e '\' x\ 
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.'. log Vi' Ti' = T + ^4? , and tan"*- = T+^^. 

Also, the integration of the first gives 

log M sa ar + ^,f . 

Between these three equations we have to eliminate t 
and f ; 

/. logu-alogVf* + a;* = ^,f — o^if;- 
and tan"* — logVf* + a;*-»^,f — ^,f. 

Now the right-hand members of these equations being 
arbitrary functions of f, the left-hand members must also be 
arbitrary functions of each other; 

' /. w=(^ + ic")^\Frtan"*--logV^ + ai'J. 
Ex. 13. To integrate 

Comparing this with the formula of Art. 4, we have 
Drt=^hu-^cx, 2?^ = c^ — cm, and DrU = (zx-^bt; 

.'. aDrt + hD^ + cDrU = 0, and tD^ -h xDjOS + uD^u =1). 

.-. a^ + Ja? + CM = f, and <' + a;* + tt" = J?'(?); 

••. ^ + 05* + tt* = F{at + S:t? + cu\ 

which is the integral required. 

I .... 

Ex. 14. To integrate 



/EQUATIONS OF THE FIRST ORDER. 13 

^r» = y + « + t«, 
and D^u = ^ + a; + y ; 

^ — a; "" sc—y y — '^ * 

and i?y (« + a: + y + M) = 3(^ + a;+y + w). 

Integrating these equations, and writing Q for ^+aJ+y+M 
for brevity, we have 

t^x=-e'-F,{lv)> X'-y^e'^F^ilv), y-u^e-^F^ilrf), 

and Q = €''F,{^,r]). 
Eliminating t from these integrals, we find that 

it''x)^Q, {a>^y)'jQ, {y'-u)UQ 

are (each of them) arbitrary functions of f , rj ; consequently 
each of them is an arbitrary function of the other two. 

:.Q^F[{t^x)^Q, {x^y)^Q, (y-t*)^Q]. 

Ex. 15, To integrate fd^u + o?d^ = aix. 
Comparing this with the foimula of Art. 4, we have 

From the last two of these we find a?l>^t = fD^, 



14 
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.-. w = |.log(l + f^) + Ff 



%^->^f+<!-i). 



which is the required integral 

Ex. 16. To integrate 

{di?t-2^)dtU'\-{2x^.-ex)d^u=Q{e-a?)u. 

Comparing this with the formula of Art. 4, we have 
i>^t« = 9 («' - a;') w, D^=^xH-2t D^^^x^'-fx. 

. DrU D^ D^ ^ 
3u t X 

apd -5 + :s = 0; 



X 



e 



:. Mu^F{^\ and A + ? = f; 



which is the integral required. 
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CHAPTEE III. 

DETERMINATION OF QUASI-CONSTANTS. EQUATIONS OF THE 

SECOND AND HIGHER ORDERS. 

« 

^ 11;' Since D^u = d^u + Dfn . dju + D^y . dju + . . . it follows 
that the single operation denoted by D^ is equivalent to the 
compound system of operations denoted by 

dt + Dfc.d^ + D^y . d!y + ... 

Hence if J9^, D^y, ... are either constants, or quasi-constants, 
any function of the one operation Dt will be equivalent to 
the same function of the compound system 

dt + D^.d„ + Dty.dy+... 

/. F(Dt)=.F{dt'¥Dt;x:.d^ + Dty.d„-\- ...) (1). 

Ex. 1. To integrate 

dtU + 2adtdgaU + a^dju + b {dtU + ad^u) + <^ = 0. 
Taking the terms of the second order, we have 

We therefore assume Dju,^diU + ad^% which compared 
with the general formula gives 



■ 
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Dfc^a\ and /• i>i*u + &Z>|ii + oii»0; 
/. x^at-^-^, and tt = €-'i^(g) +e^/(f) 

m and n being tho two roots of m* + &m + CaO« 

Ex. 2. To integrate 

diU — aW/ti + 1 {diU + adju) = 0, 

Since d^ - aW/ = ((?< + ad^) {d^ — odj , we shall ha^ 
(here for tho first time) to use two new sets of independei 
variables^ corresponding to the two equations, 

DtU^d^u-^rad^u, and ^tU^dtU^adjti. 

These give DtX=a, and Ata? = — a; and since the syn 
bols J?,, A, are respectively equivalent to the compoui 
symbols di + o^«, di — oc?,, the proposed equation becomes 

i?jA<w + 62),M = 0. 

Hence the following system of three simultaneous equi 
tions is equivalent to the proposed equation, 

D,a?=a, Ata? = — a, and i),A|W + i2),M = (1). 

The first two give by integration, 

x^at + ^y a: = — a^ + f; 

and the third being integrated with 8% gives 

£itU'\-lu^F{i)^F{x-at) ..(2). 

But the symbols D^ and A| are commutative because the: 
equivalents rf| + ad», d| — ad[, are so; consequently the equi 
tion (1) may be written in the form 
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which being integrated with % gives 

A« = e-"/(r)=6-*'/(a! + aO- 

Adding this equation to equation (2), and writing u for 
the sum of the left-hand members, we obtain finally 

u=^F{x-'at)+ e^f(x + at), 

for the integral of the proposed equation. 

12. The following is the reason why we may write u for 

Since the proposed equation is represented by 

D^^^u^\'hD,u = (1), 

differentiate this equation separately with Dt and A<; and 
also multiply it by J ; the results are (since Di and At are 
commutative) 

I) At • A<tt + 6D| . A<M = 0, 

jD,A, . bu +bDt. hu =0; 

.-. DAt'{^ty' + \u + iu) + bDt.{DtU + AtU + hu) = 0. 

This equation is of the same form as (1), and we learn 
from it that D^w + A^u + hu will satisfy the proposed equation 
quite as well as u will do so. If therefore BfU + A^w + bu 
contain the requisite number of arbitrary functions, it is a 
complete integral of the proposed equation, and being so we 
may write u for it. 

"We shall find this principle of great use hereafter ; but it 
must be noticed that it only applies to cases of linear equa- 
tions with constant or quasi-<;onstant coeflBcients and when 
the symbols of operation are commutative, . ; 
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IS. It is well known that the integral of any linear 
JiftVrentKiUHiiuilion of the form-F(di, d,, rf,, ...)i* = W^ where 
ir is n function of f, x, y, ..., consists of two independent 
|mrts; one of thorn in«lepondent of IF is called the absolute 
|uirt of the integral; the other is dependent on W. These 
two ]virts U'ing indejK^ndent of each other, may be found 
se]vimtoly (should it bo advantageous to do so) ; and thdr 
sum will iHuistitute the complete integral. The absolute pari 
a)rn»sjK>nds to the general supposition, Tr= 0. 

Am an example of tliis principle, let it be required to inte- 
grate the equation c?,"u — aV/tt + 6 (rfjM -f odf.tt) = W. 

Wo iirst find, as in the preceding example, the absolute 
integml, i.e. that j^art of the complete integral which cor- 
res|K)nil8 to )!'= 0. This has already been found to be 

t« =r €^f{x + at) + F{x - at). 
To find the pirt that depends on W we have the equation 
7),A|W + 6i>|W = Tr, or A^D^u + hDtU = W. 

Either of these (whichever may be judged most con- 
venient) will furnish the required result. For integrating the 
former with /Si, or the latter with 2|, we have 

A,u + 6u = igjr, or i),a = r**2^ir. 

Integrate, now, the former with 2*, or the latter with 8^] 

.\ u = €-«2,€"/SiTr, or u^Sfi^^^W^ 

Adding to either of these the absolute part of the integral, 
we have for the complete result 

u = e^t^*8, W+ e" V(^ + aO + -F (a: - at), 
or w = Ste'^X^ W+ e'^f^x + ae) + ^(« - at). 
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14. From the results just obtained we perceive that the 
symbols €"""2<€^* and 8t are commutative in the preceding 
example. It will be found always necessary to notice whether 
the symbols of operation in any proposed example are com- 
mutative, for the commutativeness of the symbols of operation 
is a property of immense use in facilitating the integration 
of equations ; and in some instances failure arises solely out 
of the want of commutativeness. 

15. In seeking the absolute portion of an integral, the 
following property will be found of great use. It is applicable 
in all linear equations with constant coefficients; and its proof 
depends on thq property proved in Art. 12, 

If dpD^t^!^u = 0, and the symbols e?,, Du A< are known to 
be commutative, then u = s^O + S^ 0+XfO. 

For since d^I^^^iU » is a linear equation with con- 
stant coefficients, operate on it separately with ^/*, 8^y S*; 
the results are 

Add these equations together, writing u for the sum of 
their left-hand members ; 

Now this value of u contains m+w+p arbitrary functions, 
viz. m corresponding to the symbol 5,**, n to the symbol /Si*, 
and p to the symbol 2/* ; and consequently it is the com- 
plete integral of the proposed equation, which is a diflferential 
equation of the (m + n+p)^ order. 

It will have been noticed in the above proof, that the 
commutativeness of the symbols d«, 2><, A< has been assumed; 
and this assumption was made on the ground that the pro- 



i 
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posed equation di*D*Afu = represents a linear equation 
with constant coefficients. 

16. In a similar way it may be shewn that if F, G, H 
be any symbols whatever of integration, 

RG.H.O^^F.O+O.O^-H.O, 

provided the proper number of arbitrary functions be fur- 
nished by the right-hand member, and F, G, H he com- 
mutative. 

Ex. 3. To integrate the equation 

diV + (a + h) dtdgU + ahd^u = TT. 

The left-hand member being equal to (4+ oid^ {dt + hd^) u, 
we have jD< = d^ + ad^ , A< = di + bd„ ; and therefore ^^x — at, 
^ :=X'-bt'y and the proposed equation may be written 

.\ u = 8,XtW+StO + ttO, (Art 15) 
= S,%W+F^-^f^' 
^8tttW-\-F{x^at)-\-f{x-bt). 

Ex. 4. To integrate d^u — d^d^u = TT. 

Since d^u — c?d^u = {d^ + ad^ (di — ad^ u, we have 
i)j = d, + ad^, A( = d, — adg ; and therefore ^ = x — at, 
^' = x + at'y 

/. u = St%W+F{x-at)+f{x-haf). 

Ex. 5. To integrate 

d^u = cfd^u + 2aAdJiyU + J'd/w. 
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The right-hand member is equivalent to {adf,'\-ld^*u] 
hence the equation is equivalent to 

= dtU — {ad^ + ld^*u 

= {di + adg. + id^ (4 — ad^ — hd^ u. 

Consequently Di = d^ + ad„ + bd^, A^ = di — ad„ — bd^ ; 
whence ^^x — at, nj^y — bt; ^' = x + at, 7/ = x + bt; and 
the proposed equation becomes 

BAtU = ; 
/. u^8t0 + %0 (Art. 16), 

= F(x-at, y - bt) +/(aj + a«, y + JO* 
Ex. 6. To integrate 

d^u + (a + J) d(C?a.t^ + abd^u + -4 (ef<M + ad^u) 

In this example 2>, = e/, + ad,, A, == rf< + Jc^ > hence 
^=^x — at, ^'= x — bt; and the proposed equation becomes 

jDA^ + -4 Aw + BAtU + ABu=^W; 
.-. (A + ^)(A, + -4)i^=Tr; 

.-. e-^*D,e^' . e-^'A,e^*u = W (1). 

The absolute part of the required integral is (see Art. 16) 

= €-^'i^f+€-^y(r) 

= e'^'F{x - at) + €-^'f(x - bt). 

The part dependent on TFmay be determined from equa- 
tion (1), which gives 
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Hence the complete integral of the proposed equation is 
u = e-^'S^^^-^^'yS^ TF+ €'^F{x - at) + €^'f{x - U). 

17. It may be necessary to shew that e-^s^^ is the 
symbol of integration corresponding to the symbol of dif- 
ferentiation, e^d^e*^', i.e. if e^d^^u^^v, then u^e'^s^e'^v. 
This may be proved as follows. 

Since e'^^d^^u = t?, 

/. d^^u^^v\ 

Similar formulae wiU of course be true for the symbols 
D^ and 8t ; for A^ and S^; &c. 

Ex. 7. To integrate d^u + Zd^x^ + 2c?/tt = ^ + a?. 

Since d^ + 3c?^^ + 2e?/ = (rf, + e?J (df, + 2^), we have 
D^u^dtU + d^u, AtU = dtU -{- 2d„u ; 
A i)|CC=l, Ata;=2, and aj=«+f, x=2t + ^] 

The absolute part of the integral is St^tO, which is equal 
to S,0 + %0 = F[i) VCf) ^F{x--t) +f{x - 20. 

The part of the integral dependent on TT or ^+ a? is found 
as follows : since A (^ -f a;) = 2, and A, (^ + a;) = 3, 

U^t,8t{t + x)=^%.^{t + xy 
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Hence the complete integral, found by adding to this the 
absolute part, is 

18. The integration of ^+ a? in the preceding example 
suggests the necessity of the following general explanation. 
If in any example we know that D^ = a and A^a? = b ; and if 
we have to integrate such an expression as f{ht + kx)^ we 
must remember that 

as A {ht + he) = h + ka, and A^ {ht-\-kai)=h + Jcb^ 

Consequently, had the integral of the equation 
d^u + (a + 6) d^x^' + ab d^u = Qit + fcu)* 
been required, we should have found 

(n + 1) (n + 2) (A + ka) {h + kh) ^ ^ -^ ^ ^ 

Ex. 8. To integrate {d^ - 20 (c/^ + d,) (df. - 3(7^) w = 0* 
Here we have 
D^u^dtU — 2dj,Uy AiU=^dtU + dyU, hgU=^dg,U'-'ZdyU\ 
consequently Dfc = — 2 ; A<y = 1, S,y =— 3 ; 
and a? = -2^ + f, y = e + |', y=-3a;+f"; 

and -D«A|8a.t« = ; 

=^(f>y)+/(r,^)+<^(r,<) 
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CHAPTER IV. 

THE TREATMENT OF QUASI-CONSTANTS. 

19. We propose in this Chapter to develope more fuUj 
the doctrine of quasi-constants, and we think that it will be 
seen that by a right use of them a very great extension of in- 
tegration-power is efiFected ; and that this increase of power 
is almost wholly the consequence of the use of symbols of 
operation instead of brackets (Art. 4). From what has been 
said in Arts. 1 and 2, about the nature of quasi-constants, it 
will be understood that when we meet with such an equation 
as DiU = diU + ^d^u + ridyU + fd.w + ... we may treat it as an 
equation with constant coefficients. Now, on comparing it 
with the general formula of Art. 7, we find 

i>^ = f, B^y^% 2>^ = f, &c (1), 

and these by integration give 

»=f« + <Ai?, y^vt+<l>,v, « = r^+<A,5;&c (2). 

We might give to these integrals an apparently still more 
general form by writing <f>^ (|^, rj, f ...), <^,(|, iy, f ...), 

<Pti^> Vy ?•••)> ••• for <^if. <l>iV> 4>£> ••• 

The forms above given are in general better suited for our 
purpose ; and our conclusion from them is this, that if the 
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independent variables of a new set are such that each one 
(as ^ will satisfy an equation of the typical form x = ^t + ^f , 
then we know that 

and .•. also -P(A) =^(^«+f4+^^f +£<^. + ...) (3). 

20. The simplest case of quasi-constants is found by 
equating each of the functions ^j, ^,, ...to zero, in which 
case we have 

f=f, V = \, K=\. ....&c (4). 

as the simplest set of quasi-constants that can be found. 

21. If in the equation Dt^df^- Ld^-\-Mdy-\-Nd^-\- ... 
some of the coefficients L, M, ^, ...are absolute constants, 
and some of them quasi-constants, we shall have 

22. "We may here make one general remark which will 
apply to great numbers of equations. If we have an equation 
involving diflFerential symbols of operation of one kind only, 
as dt„ or !><, or A^, ... then ^m^ absolute constant in that equa- 
tion may be replaced by a jwcwi-constant, without in any way 
affecting the validity of the integral. We shall illustrate 
this property of quasi-constants by an example or two ; and 
afterwards it will be assumed, even when not mentioned, that 
the compass of every differential equation and its integral 
may be extended by means of this substitution of quasi-con- 
stants for absolute constants. 

23. We may also mention, for form's sake, what is obvious 
enough, that in integrating an equation in which two or more 
differential symbols of different kinds occur, the quasi-con- 
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stants corresponding to one symbol will not all (though some 
of them may) be quasi-coustants under the other differential 
symbols. 

And, moreover, when the operating symbol in a differ- 
ential equation is c^, we may use functions of {d^^ d^, d^--) 
as quasi-constants. 

Ex. 1. To integrate tdiU + xd^u + ydyU = a;y u*. 

Dividing by t we see that the coefficients of dju, and d^u 

rat ft 

are quasi-constants (Art. 20), and that ? = t , 17 = ^ ; 






Now this integral has been found on the supposition that 
o, h, c are absolute constants, but every step of the investi- 
gation will be equally valid if we suppose o, J, c to be functions 

of|, |, (Art. 22). 

Ex. 2. To integrate <•<?,*« + 2txct/l^u + a^dju = fj?. 
Dividing by ^ we find A = oi + 7 . c4, and consequently 

X 

the coefficients are quasi-constants, and f = 7 . 
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(a + 6)(a+ 6-1) 
We are at liberty to write for a and 6 any functions 
of^, (Art 22). 

Ex. 3. To intefirrate 



fd^u + 2txdtdju + a?d*u '\-h{ht + kx) (d^u -h-d^uj 



+ CM = 0. 



Here as in the last example A = ^t + 7 ^a and f = 7 ; 

t t 

.: fD^u + bt(h + k^l)tU + cu='0, 

tlie integral of which is obtained as in ordinary integration 
for one independent variable ; 

.-. w=rf(?) + f/(f) 



= *"^©+'"/(f)^ 



m and n being the two roots of the equation 

h 

7n (m — 1) + - (A< + Ara?) m + c = 0* 

V 

We are at liberty to write for 6 and c any functions of - 

V 

Ex. 4. To integrate 

dS + ^adtd^u + aV/w + - (d^u + ad„u) + ^ = 0. 
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In this example i), = d^ + ad^ ; /. Dfc = a, and x^at + i. 

t V 

... u=rj'(?) + r/(f) 

^ri\x - at) + Cf{x-at) ; 

«i and n being the roots of the equation 

m (m — 1) + 6»i + c = 0. 

In this example we are at liberty to write for b and c any 
functions of aj — at 

Ex. 5. To integrate Qit + kx)* {d^u + ^ad^djn + (fd^u) 

Here we assume 2>t = 4 + ck?,, whence f = x — at\ 
also J9i (A^ + hx) = A + Aa ; 

.•. (A^ + hxY D^u + J (A« + fee) Att +CW = 0. 
This is an equation of one independent variable, because 

.-. M = (A< + kx)^. F^+{ht + kxY .yf 

= {lit + /b?)"^. jP'(aj - at) + (A« + kxY.f(x - a/), 

m, n being the values of m in the equation 

(A + dkym (»i - 1) + i (A + a^) m + c = 0. 

We might add here the same remark as before respecting 
the constants 6, c. 

24«. The preceding examples will also establish the prin- 
ciple, that if any equation of one independent variable, 
(cQ u = 0, can be integrated, then the corresponding equa- 
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tion <j>{D^.u=0 can be integrated, even when the quantities 
which were constant in ^ (d^) .w=0 are replaced in <f>{I)^.u=0 
by quasi-constants, or in some cases by such quantities as 
'^ {ht + hx). Thus because the integral of 

dt'tt + ac?tM + 6tt=0 is w = Je'^ + ^e'*', 

m and n being the roots of the equation ?7i'+am + i = 0; 
therefore the integral of 

will be u^e^F{lri,...)+e^f{l7i,...l 

in which f, 17, ..• are quasi-constants of any form we choose to 
assign to them. 

The equation 

diU + 2 - . dfd^gU + -J . d*u + a f rfjW + - d^u\ + 6w = 0, 

may be taken in illustration of this principle. 

Ex. 6. To integrate 

td{U, + xd„u + ydyU-\-...:=^t''<f^i~, 7>---)- 

Dividing by t we have 

f = |, ^ = |,...andAt£ = r-'^^|, |...j; 

=^-*(M->^(f- !■•••)■ 
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Ex. 7. To integrate 

As in the last example we have here 

- 'M = ^ • ^ (f> ^> •••) + ^(£> V> — )• 

This diflFers from the preceding example in this, that 
the values of f, ^, ... are not given as there, but are to be 
determined from the equations 

Ex. 8. To integi-ate d^u — ad^u + j dyU— ^ . 

This is a case where the coefficients are mixed constants. 

2)<x = — a, and therefore ^ = — a< + f ; but '^ = 17 is 9. quasi- 

t 

constant ; 

n 3/* n't 

' tx iQ-at' 

2 3 \ 
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CHAPTER V. 

THE GENERAL LINEAR EQUATION OF THE SECOND ORDER. 

COEFFICIENTS CONSTANT. 

25. Every linear diflFerential equation of one indepen- 
dent variable, and of the second order with constant coeffi- 
cients, is by custom taken to be iiitegrable in finite terms ; 
that is, the ultimate elementary forms to which that general 
equation can be reduced are accepted as integrable. For- 
mulae both algebraic and transcendental have been invented, 
—logarithmic, exponential and trigonometric, direct and 
inverse, and have been agreed upon for the purpose that an 
integral expressed in terms of such forms shall be accepted 
as a finite integral. Would it be too much to ask that whe- 
ther there be only one or any number of independent varia- 
bles, the elementaiy forms of the general equation of the 
second order with constant coefficients may be considered 
•integrable forms, and that new transcendentals and appro- 
priate symbols shall be invented for that purpose and take 

rank with log, sin, cos""\ ? To agree to this would only 

be consenting to put all integrations of the second order on 
the same level, whatever the number of variables. 

We shall proceed to shew how on the principles of this 
Essay the general partial differential equation^ which is the 
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subject of this Chapter, may be reduced to its ultimate ele- 
mentary forms. We shall take the case of two independent 
variables only, but we shall treat it in such a manner that the 
method will be equally applicable to any number of inde- 
pendent variables. We confine our operations to equations of 
two indepeiuient variables, because when there are more, the 
algebraic expressions become tediously long without illus- 
trating any new principle. 

26. The general equation of the second order embraces 
the two following forms : — 

I. cl^u + (a + l)d^d^u + ahd^u + AdtU + Bd^u + Cu=^W. 

IL d^„u + AdtU + JBd„u + Cm = F. 

We begin with the former. 

Case I. When a and 6 are not equal. 

Since rf,' + (a + i) d^d^ + abd„^ = ((?< + ad^) {dt + bd^), 
we assume D< = rf, + dd^, A< = (/< + bd^ ; 

.-. 2>,aj = a, fl? = a< + f; and A<a5 = 6, x=bt-{-^: 
and the proposed equation becomes 

DAw + ^^^ . A« + 4^^ .A,u+Cu^W (1) ; 

Now for u write ve'^''^^, remembering that 2>tf=0, 
A,f = 0, -Djf = a-6, and A,f = 6-a. 
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As 771, n are arbitrary constants we are at liberty to 
assume 

{a — bym = B — Aa, and (a — 6)*n = -B — -4.6; 

Consequently when Tr= 0, the form I. can be reduced to 
the elementary form, 

D^\v = cv. 

Case n. When a and 6 are equal. 
In this case the form I. becomes 

Hence D^^d^+ad^ a?=a^+f as before; and £it^ df^—idg, 
whence Aja? = -j , and x = -^t+^'; 

Now for u write ve'^, remembering that A,^ = -j — a ; 

/. D/t? + AA,v + {{B ''Aa)m + C]v = We-^. 
We are at liberty to assume 

{Aa-B)m=^C; 

.\ 2?^; + ^A<t;=F€-^* 
£. 3 
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Consequently when W== 0, the form I. when a = 6 can be 
reduced to the elementary form. 

There is however an exception to this result, viz. when 
B = Aa, for then the original equation becomes of the fol- 
lowing form : 

D^^u + ADtU+Cu^W, 

which is always integrable in finite terms (Art. 24). 

Case III. When d^dji + Ad^u + Bd^u +Cu—W\ 

.-. {d.-k'B) {d„ + A)u'\-[G'-AB)u^W. 

For u write ve^"*"*^, and assume m + jB = 0, » + -4 = 0, 
then 

and dtfil^v-\-{G-AB)v=W€^'-^^i 

consequently when Tr=0, the form II. can be reduced to 
the elementary form, 

did^v = cvy 

which is the same as in the first case. 

Thus it appears that there are two elementary forms, and 
no more, viz. 

DtAtU:=cu, and B'u^c/itU. 

The question is — ai-e we to accept these as integrable 
forms ? Their symbolical integi-als can be easily found, but 
they cannot be generally integrated in finite terms. 

Ex. 1. To find the symbolical integral of I)t\u = cu. 

Since D^ and A^ are independent symbols, each of them 
may be treated as a constant in reference to the other ; 
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/. Dai = -t- . w = c2* . u ; 

At * 

/. ,^ = €^«« jr(f). 

If it should be thought that there is any ambiguity in 
this expression, we may exhibit it in another form, free from 
all ambiguity, by considering that 

A,F(f) = r (f ) . A,f = cZ^F(f) . (6 - a) ; 
.'. {b — a) 2« = 5f ; 

In a similar way we should find 

CtSt* 

Consequently the complete symbolical integral is 

ct ct 



Remark. If in these symbolic exponentials we had d^, d^-, 
instead of s^, 5^, the value of u would be expressible in finite 
terms. Why not extend this character of finiteness to the 
above form by the invention of an appropriate transcen- 
dental ? 

Ex. 2. To find the symbolical integral of D^u = cA|M. 

Since A< is constant in reference to i>^ we have for the 
partial integral of this equation, 



u 



— {^^yf^tJ^ e'^y/^t) F {^) + (e^^^t-e"^^'^) . 



f{^) 



The connexion between these two terms is this : — if the 
second be represented by w, the first will be represented by 
DtU with a change of the arbitrary function. As the pro- 

3—2 
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posed equation is linear D^'u, D^u, . . . each with a change of 
the arbitrary function will be an integral ; but as DtU will 
coincide in form with u, and DtU with D{ii, there are only 
two forms which are diflferent, and the sum of these two 
ffiven above constitute the whole integral of t^ as far as the 
dififerential equation depends on D^. 

But since the differential equation depends also on A^ the 
integral must contain an arbitrary function of ^. To obtain 
this we put the equation in the form 

c 

The complete integral will be obtained by adding this to 
the above. 

27. But now we come upon a difficulty. If we add this 
to the preceding portion of the integral, we appear to have 
an integral with three instead of two arbitrary constants. 
Will it be sufficient to take the sum of this with one of the 
former two ? Do two of the three terms of the whole include 
the other term? The probability of this may perhaps be 
due to the circumstance that each term of the integral 
represents in reality an infinite series, and that in the whole 
integral each arbitrary function enters with all its derived 
forms. 

Since in the symbolical integral each arbitrary function 
enters with all its derived forms, the finiteness of the inte- 
gral can be secured only by assigning to each arbitrary func- 
tion a periodic form. It is easy to shew that the integral 
cannot be finite on any other supposition. For if possible 
let the integral of DtU = cLtU be finite, and let it involve 
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the JM-bitrary functions F (f ) and /(f '). Then D^u will involve 
/{?)> /'(f) and /'(f) in addition to F{1^) ; it will not con- 
tain F\^)y F"{^), because f is constant in reference to J5<. 

The other side of the equation cA^u will involve F{^), 
i^'(f) in addition to /(f). Hence when we substitute for u 
its value in terms of F{^) and /(f), we shall have on the 
left-hand side of the equation /(f), /'(f )> which are not to 
be found at all on the right-hand side. On the right hand 
also there will be F'{^), which does not exist on the left 
hand ; and as these functions are arbitrary, and not periodic, 
the two sides of the equation never can be equivalent to each 
other. If then a finite integral is required, periodic forms 
must be found for the arbitrary functions. 

28. The following integrals are easily found on this 
principle. They are given for the sake of reference and 
illustration. 

(1) Given ^ = a? — a^, f = a? — J^, to find a finite integral 
of the equation 2?,Aftt =cu. 

(7j, (7j, m and n being arbitrary constants, the last two being 
subject to the condition nm + 1=0. 

(2) Given f = a? — a<, and f' = a; — M, to find a finite 
integral of the equation D^u = cA^u. 

u= ((7,€«Vc-^ + C;€-*^^-0. e~*(«-*)f+(a36W^-^+(74€-'V'^'^).6~*(*-«)^ 

C^9 Cj, Cj,, Gb n are all arbitrary constants. 

(3) Given dt^u = aV/w + h^dyU, to find an integral in 
finite terms. 

This equation gives 

{dt + adj) {d^ — adj) u = VdyU. 
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Hence D| = <it + «^» A, = <7t-a(i^ f = «-at, ^-x + at; 

The symbolical integral may be at once obtained from 
this by integrating separately ¥rith St, ^t, 8^ ; and it will 
involve four arbitrary functions^ 

Bat the following integral in finite terms, though in- 
volving only two arbitrary functions, may be useful in certain 
cases. 

m being an arbitrary constant. 

The same may be given in the following form : 



and these two forms may be combined by addition with 
others derived from these by writing — for m, 

(4) The equation dt*u + dju = cu by a change of the 
independent variables may be reduced to the form dfil^u = cu. 

The symbolical integral of the latter form is 
And the following is an integral in finite terms, 

(7j, Cj, m being all arbitrary constants. 



OF THE SECOND ORDER. 39 

If c be negative, the finite integral of d^d^ + cm = is 

In this and the preceding case we are at liberty to add 
other terms to the finite integrals, derived from those given 

by changing m into - . 

The equation (ii't* — aW/w = cw, being treated in the 
usual manner, gives Z)t = c?t + a(4> /^t^dfod^, f=aj — a^, 
f' = aj + a«; 

This result shews that it is vain to look for a finite general 
integral of any equation of the form d^u — a^d^u = cu, 

Ex. 3. To integrate 

dtU+{a + b)dtidgU + aid^u + AdiU+Bdg.u+ Cu^ W, 
when the coefficients satisfy the equation 

(7(a-6)«+(J5~^a)(5-^6) = 0. 

On reference to equation (2) Art. 26, Case I., it will be 
seen that when the above condition is satisfied by the con- 
stants, the proposed equation may be reduced to 

For brevity write 

{D, + a){^, + ^3)u=W; 

.: €-"*!>,€«* , e'^Afi^u = W; 

.: U'=e-''8^-l>^i^W+e-''8^0+e-P^^0 

in which ^=x — at and ^' = x — ht. 
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« 

Ex. 4. To integrate 

This is equivalent to 

Dt*u + ADtU+Cu=W; 
/. (A+a)(A + i8)w=F; 
if a, P be the roots of a? — Aa +(7=0. 

The double integration in the first term of this integral 
may be avoided. 

In this example A, Cma,j be quasi-constants (Art. 22). 

29. The resolution of multiple integration into single 
integration may be thus effected. 

Since {d, + a) Tr= e'^d,^ W, 

and (rf, + i8)Tf = e-/^*d^Tr; 

.-. 03 -a) W^e-^%e^'W'-e''^d,^W. 
Integrate both sides Tvith e-^^^^e*^. 6~^'5,e^; 

This is the formula for the reduction of a double integral 
to two single ones. 

If we integrate both sides with e^^s^^^ the left hand will 
become a triple integral, and the right hand two double 
integrals. Each of the latter may be resolved into single 
integrals, and the final result will be found to be 

7-aO-«) (7-^)(«-/3) (/3-7)(a-7) 
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The law is obvious for any number of integrations. 

If any of the quantities a, 13, y, .., be equal, the method 
will hold good, but the formula just found will fail. The 
method will furnish the right formula in every case. 

Thus if a = ^, e'-'^St^ . e'^^Ste'^ W= e'^'^s^^ W, which does 
not admit of further reduction. 

By putting W= we obtain the following formula, which 
agrees with Art 16, 

Ex. 5, To integrate d/i^u + Ad^u + JBd^u + ABu = W. 
This is equivalent to {dt + B) (d^g + A)u=W; 

/. u = 6--»^5«€^^-^*5^e^* W+ e-^^e^^ + e -^%€^^ 

Ex. 6. To integrate 

dt^u + 2adtd^u + aH^u = ^" {Jit + fee, ^) ; 

where ^" is the second diflferential coefficient of ^ with 
regard to ht + kx, ^ being considered constant. 

In this case 
Dt^di + adg^ f = a? — a^, and 2>t(A^+ A;ic) = A4- A:a; 

Ex. 7. To integrate 

d,»tt + y . d/i,u + p d,'u = f {ht + kx,- f). 
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In this case 
Dt = dt + yd,, ?=|, and D,{ht + kx)=^h + k.y, 



u 



{ht + kx)' 



.<f>(ht + Jcx, f) + ^irg)+/g). 



Ex. 8. To int^g^ate 

In this case x = ^t + <l>^{^) (1). 

f in this Example is any quantity which satisfies equation 
(1) ; and the function <}>^ is arbitrary. 

Several of the examples contained in this Chapter will 
be more fully treated of in the last Chapter. 
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CHAPTER VI. 

EQUATIONS OF THE SECOND ORDER WITH VARUBLE 

COEFFICIENTS. 

30. As our object is to exhibit the new method of inte- 
gration^ we shall, in order to avoid complexity, produce for- 
mulae for only two independent variables, but the methods 
used will always be equally applicable to any number of 
variables. 

Since DiU^diU + DfiD,d„u\ 

.*. i^tD{a = A, (dtu) + Af (D^a?) . d^u + DpC . A^ {d^v). 

By writing c?<w, d^u successively for u in the former equa- 
tion, and substituting the results in the latter, we have 

AiDtU ==^ dt*u + {Dfs -{• Afic) d^^u + DtX,^^.d^% 

-{• t^tDfc . d^u (1). 

This is a very important formula, and will enable us in 
solving a certain class of equations with variable coefficients 
to eliminate at one step all terms of the second order, by 
substituting A^|U — A|Z><a? . d^u for them. 

31. It is important to notice that if the operative sym- 
bols DjA, be commutative on a?, they will be so on u, i.e. on 
any function of t, x. The commutativeness of the symbols of 
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operation is of such great utility in the work of integration, 
that we shall prove this proposition for any number of 
variables. 

Let u be represented by (f> {x) as far as it depends on the 
independent variable x. Then as far as a; is concerned, 

DtU = (f> {x) . DfX, and AtD^u = <l> {x) . AtDfX + (f>' {x) . A^x , D^, 

But by performing the operations in a contrary order we 
should find 

DAtU = i>{x) . DtAjX + <}>'{x) . DfX.A^ 

Consequently if AJ)fc=^DAtX, i.e. if !)<, A< be commutative 
on X, then as far as u depends on a?, they are commutative on 
t/, any function of the variable. The same may be proved 
for y, «, ... the remaining variables. Hence the symbols of 
operation D^, A^ are commutative on u in reference to all the 
variables on which they are individually commutative. 

As a general rule, also, the symbols will be commutative 
on any variable, as x, if D^ and A^o; be both constant. 

32. When it is desirable to commutate the symbols 
D^, At, and they are not commutative per se, they may be 
commutated by the formula. 

For since 
AtZ>(t£ = d^u + {Dfc + A^) . did^u + Dfc . A^oj . d^u + LJ)iPG.d^u ; 
/. DAt^=dtU + (A^a? + D^).dtd^u + t^fpc.Lfn.d^u -^D^i^.d^u 

= LJ)tU + (DjAja? - AtAar) . d^u. 

33. The following formulae are easily proved, P, Q being 
any functions of the independent variables. 

e'^Ate^DtU = dtU + {Dpc + A^a;) d^d^u + D^.A^.d*u 
+ AtP.dtU + {AtP.D^'^AtD^).d^u. (2). 
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+ {A,P.D,Q + A,D,Q)u (3). 

34. It will be seen that the formulae (1), (2), (3) increase 
step by step in comprehensiveness. Formula (1) can, by 
giving proper values to D^c, A<«? (which are arbitrary), be 
made to agree with all the terms of the second order in any 
proposed equation. Formula (2) can be made to agree with 
one term more by giving a proper value to P (which is arbi- 
trary). Formula (3) can be made to agree with one term more 
by assigning to Q a proper value. If therefore we have an 
equation of the general form 

d^\ + Hd4;^ + Kd^\ + LdtU + Md^u + Eu= W, 

it can always be reduced to the form 

and if B* be equal to* zero, it can be integrated. 

35. The formula (1) shews that we can substitute 

A,Z>,u — {AiD^) . dgU 

for the whole of the teims of the second order ; and since 

I)iU=:dtU + DtX.dg,u, and A|W = rf<w + A^ . rf^w, 

these two equations will enable us to eliminate d^u and d^u 
from the remaining part of any proposed equatioa 

Ex. 1. To integrate 

rf,'w + 2a<Z,4w+ (a*-6V) d^u-hd^u^ W, 

Comparing this equation with formula (1) we find 
Dffc + A<ar =i 2a, and D^x . A^cc = a* — JV ; 
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/. Bfii — a — ht, and ^fn = a + 6< ; and /. ^Bfn = — i ; 
.-. aj = a<-26^+f, and a: = a« + -6^ + ?'; 

Bemahe:. In this example A^ia? = — 6, and jD^Ata; = 6 ; 
consequently ^J)^ is not equal to 2^At^> and D<, A^ are not 
commutative. As an instance of the important influence of 
commutativeness of the symbols i><, A^, we may mention that 
had Dt, A( been commutative the absolute part of the above 
integral would have been 



+/(» -at-\he^. 



Ex, 2. To integrate -^ V = 4 ^, + F. 

Multiply this equation by ^', 

^ 1 ^ 

Now by formula (1) 
AtD^u — A^jo; . d^u = J<^w + {D^ + A^) e?,e?,t^ + Dfo . A<aj . rf/w ; 
and this will agree with the terms of the second order of 
the proposed equation if we assume -D^a; = — A^ = - ; 
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.-. ^ = e + l a? = -e + ^, and A,D^ = - + -,; 
/I ^\ 1 ^ 

.-. AtDtU - i Uu + -. 4w] = IF?; 
Divide by t and integrate with % ; 

.'.D,u=ti,iWt) + tf{r); 

But 8,tf{n = 8,tf{i+2f)=<^{^ + 2e)=<i>{;^ + f)', 
.'. u = 8tt%iWt + F{a^-f) + <}>{a? + e). 

Ex. 3. To integrate (1 - e)%\ +2{l-f) {1-tx) d^ji 
+ (1 - txyd^*u -2til-f)dtu-{t + x- 2fx) d^u + c'u = 0. 

Divide by (1 - fy ; 

„ 2(l-te) ,, ,n-tx\*, 2t , 
.'. dfU + \_^ • <¥*»M + [iZTfJ **» " ~ i3^ • ^'^ 

t + x—2fx J , c'» _(\ 

Comparing this with formula (1) we see immediately that 
the symbols Df and A, must be identical, and that 

D^=-- — — -, and .% D^x = 
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cV 



.-. {(1 - Ar«^ + cv = 0. 

Now change the independent to t, such that D^t = 1 — f*. 

:. %i — F (f ) cos CT + / (I) sin ct. 
f is known from (1 — f) D^ = 1 — to, and t from D^ = 1 — ^. 
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CHAPTER VII. 

INTEGRATIOK BY FACTOEIAL SYMBOLS OF OPERATION. 

36. If T be any function of t, and / (d<) or/ any function 
of tKe symbol of operation c?t, then the symbol /(rf<) applied 

to rZJis equivalent to the symbol Tf+Tf-\-:r^T'f' 
+ T-4-0 • T"'f'' + ..., appUed to U. 

Since 

d,\ Tu= Tdru+jd,T.dr'u+'^^-^^ dru+ ... 

=={Tdr'{-d,T.ndr' + d,'T.n^!^dr^+...) U, 

= (T. /e" + r.(?«. /e*+ j^^r'. ci^ it" +...). ?7, 

where the Greek letter k is used to represent (2| as a symbol 
of quantity. 

This being true for all integer values of n, it follows for 
all interpretable forms of /(/e), that 
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fid,) . TU= {Tf{K) + TdJ(K) + jig . T'd:f{K) + ...}. U, 

37. This theorem may be symbolically represented by 
the exponential expression, 

in the use of which we are to notice that di in the exponen- 
tial acts only on T, and d^ only on /(k) : and before the 
series of operations is to be applied to U the value of /c is to 
be restored, i.e. dt is to be written for k, 

38. If P be a function of several independent variables 
t, X, y, ... and f{dt,d^,..,) any function of the operative 
symbols, then the symbol /(c?,, d^, ...) applied to FUis equi- 
valent to the symbol ^k+^^'^k^ -- Pf {k, \, ...) applied to U, 
the Greek letters k, X, ... representing d^, d„... when these 
are to be treated as symbols of quantity. 

For dr . PU=^ ^^Pk"" . U, 

.'. d.'^dt^ . PU^ rf/€*^«P/e- . U, 

^^^ic^'^i^P^X^.U, 

^^^k-^'^^PhTX'^. U. 

Hence for all interpretable forms of / (^„ d^g) we have 

f{d,, dj) . Ptr= ^a-^d^KPf[K, \) . U. 

The same process may be continued to any number of 
independent variables; and consequently the theorem is true 
for any number. 
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39. If P be any function of the independent variables 
t, x,y,z, ... and if/(Z?<, A<, S< ...) be any interpretable func- 
tion of the operative symbols when these are commutative 
among themselves, then the symbol /(i)<, A«, S<, ...) applied to 
FUis equivalent to the symbol €^'^«+^'^a+w^+...j^(/c,X,;a,...) 
applied to U; k, \, fi, ... representing D^, A<, S^... when 
these are to be treated as symbols of quantity. 

The proof of this theorem is similar in principle to that 
given in the preceding article, and it is unnecessary to re- 
peat it. 

The cases of the theorems of this and the preceding 
articles of this chapter which most frequently occur are the 
following 

(2) . . .f{dt . d,) . {ht + kx) U= {(Jit + lcx)f+ (M+K)/}- it: 
(3) /(i>A) . tU^ [tf-^ (A + A,)/} . U. 

40. Examples of the use of these theorems will now be 
given. 

Ex. 1. To integrate 

C 
dtU + {a + h) d^^u + ahdju+ AdtU + Bd^u + Cu== -^u. 

By proceeding as in Art. 26, Case I, we reduce this 
equation to the form 

C 
DAtV + cv = ^ .V, (1) 

in which equation v = ue^^-^^, m {a — by = B — Aa, 
n (a — &)* = 5 — -46, and f = a; — a^, ^ = a? — J^. 

4—2 
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We may now transform equation (1) by writing wi^ for v, 
and assuming i (i — 1) = (7. 

:. t{DA^ + c)w + k{Dt + ^)w=^0 (2). 

Operate on this with /{DJ^^ by the formula (3) of last 
Article. 

/. {(f (Z?A) + (A + A,)/ (i)A)} {PAt +o)w 

+ i (A + A,)/(AA^ w =/(i7A) 0. 

Now as the form of the function/ is arbitrary we are at 
liberty to assume the sum of the terms after the first equal 
to zero. 

.-. / (2)^0 (-0A + c) + hfiPA^ = 0. 

This is a linear equation of the first order, 

.'. <(i?A + cr*M'=(Z)A + c)-*0 (3); 

.-. « = {DAt + c)'^' r' (DA + c)-*o. 

.-. u = «*6<»*+"*' . (DA + c^'r* (DA + c)-H)- 

This is the integral of the proposed equation ; but it is 
obvious that it is only symbolical, except when ^ is an inte- 
ger and = 0, i.e. when 

C(a- hf +{B- Aa) {B - Ah) = 0, 

Ex. 2. To integrate the equation ^ven in the last ex- 
ample, when the conditions just stated are satisfied. 

... t«=i»€«rf+«r. (DAr J (fii2,)*0. 
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Now 8,%'0 = 8,'0+%,'0, 

consequently u consists of two independent parts, one de- 
pending, on 8^0y and the other on 2^*0. We may seek them 
separately and similarly. 

A^y A^y A^.., being functions of f. 

/. i)r.-,^*o=i^(f).r*; 

V 

A (DAri2*o=Ar.r^(D. 

Similarly {DAr'\V^ ^Drt^i^y 

... u = e^^^t" {Dr' t-'fi^) + A^^"* F (?)}. 

This is the integral required ; but it fails in the case of 
A; = a negative integer. 

To find the integral in this case write — ife for ife ; then 
since c = 0, equations (2), (3) of example (1) become 

tDt^tW = Jc{Dt+ At) w, 

and t {DAtY^'to = (DA)'0 = ; 

.-. w = 8rO+tt^'0. 

The two parts of this integral are independent. We take 
them separately. 

/. w:=^8rO^F,S + tF,^ + fF,^+...+r'F^,S + eFj^. 
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Here we seem to have k + 1 arbitrary functions of f , and 
there ought to be only one. The forms of the others must 
be determined by substituting this result in the equation 
Wt/^w = i (Dj + A,) w. If this be done the following will be 
found to be the law of the functions, 

In the same way we shall find 

Ex. 3. To integrate the equation 

Cu 

In this example i)| = di + <w4, and ^^x-^at; 

Cu 
/. Dt*u+ADtU + J3u = ^. 

For u write vf*, and assume m (wi — 1) = (7; 
It will be convenient to assume 

A'+JA+5=(A+a)(A+/3), 

nowmA = ^.{a(A + /3)-/3(A + a)}; 
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Differentiate this equation with /(/),) ; 



moL 



.-. (t/D, +/D0 (A + a) (-D, + /3) t> + ^ (A + /3) /A . t; 

-^(A+«)/A.»=y2)..o. 

But because the form of/ is arbitrary we are at Kberty to 
assume, either 

(A+^)/A-^./D. = 0,or,(A+a)/A+^-/D. = 0. 

The former gives 

fD,= {D, + ^Y-^ (1) 

and the latter gives 



ma 



/A=(A+o)''-« (2) 

m0 



If we take the former, and for brevity write n for 



a-/3' 
we have 

t/D, . (A + a) (A + /3) r + ^ (A + /S)/A • V =fD, . 0, 



ma 



or, < (A -h a) . (A + /3)"*'» + -'£*g . (A + i8)-«« = (A + /S)" . 0. 

This being an equation of the first order with (D< + I3y*'^v 
as the dependent variable can be integrated as in the foimer 
part of this Essay. 

Remarks. It is to be remarked respecting this Example 
that the final integral will be only symbolical, unless n be an 
integer positive or negative. But as we might have used 
equation (2) instead of (1), we should succeed in the Integra- 
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tion with that equation if -5— be an integer : and thus the 

only condition of success is that one of the two quantities 
ma, m/S shall be a multiple of a — A where a, fi are the two 
roots of the equation a* — Aa + 5=0. 

The method of integration will be similar if the right- 
hand member of the proposed equation be C {ht + }cx)'^u 
instead of Cf^u. 

Ex. 4 We come now to an example which has excited 
a good deal of attention, viz. 

79 / TV 77 778 AdtU + Bdji . Cu 

Here Dt = dt + (zd^, A^ = {?< + bd^ ^^^x — at, ^ ^x — lU 
Lt{ht-\-kx)=h + ka, At{ht+kx) =k+hb. 

In the proposed equation write {kt + Jcx)'^v for u, and 
equate to zero the coeflBcient of v, 

/. = {h+ka) (h+ kb) m (m-l) + {Ah + Bk) m+ C, 
and 



= {ht-{-kx){d^u+a+b . dtdji+abd„^u) + {A+m{2h-\'a+b.k)}dfl 



+ {li + m {2abh + a + b'h)}djf; 
Eliminate dt and d^ 

.-. 0=^{ht + kx)DAiV + \^^^ + m{h + bk)\D,v 

+ \ , ^ +m{h + ak)[ A<v. 

For brevity represent the coeflBcients of D^v and A,v by 

a(h + bk), B,nd fi{h + ak); 
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.-. 0= (ht-\-kx) Dt\v + a{hA-hk) D^v + )9(A + ai) A^v. 
Operate on this with/(AJ, 

.-. /(A^ = {{ht + kx)fA, + (h + hk)fA,] DAtV 
+ a{h + hk) DJA^v + /3 (A + ak) AJA^v. 
Now as the form of /is arbitrary we may assume 

A,/ A + «A = ; 
.•./A,=Ar*=V. 

Hence 

/A, . = (ht + hx)fAt . DAtV + I3{h + ak) AJA^v, 

or 2,*0 = {ht + kx) Dt . A^i-«t; + fi{h + ak) A^-'^. 

This is an equation of the first order with respect to 
A|^~*t; as the dependent variable, and may therefore be 
integrated as in Chap. II. Ex. 9. 

Bemaee. The final integral will be only symbolical un- 
less a be an integer ; but as we might have operated with 
fD^ instead of /A,, we should succeed in this case if yS be an 
integer; and consequently the proposed equation will be 
integrable in finite terms if either a or yS, i. e. if either 

be a multiple of a — 6. And as there are two values of m 
either of which we are at liberty to use, we shall be able to 
integrate the proposed equation in finite terms if one of the 
values of m will render one of the above quantities a multiple 
of a — S. 

Ex. 5. To integrate 
{ht + kx) {d^u + ^ad^djui + aW/w) + h {d^u + ad^v) + cm = 0. 
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In this example 
Dt—d^ + ad^ ^ — x — cU, and i)|(A< + fcr) = A + ia; 

Operate on this equation with /(i?i) ; 

/. {(A« + fci:)/(A) + (A + ^)/'(2?i)}.i>> 

+ ID, ./(A) u + c/(A) u =/(A) . 0. 

We are at liberty to assume 

[h + ia)/(A) . A' + (6A + c)/(A) = ; 



= /S;*-*-** . €*+*« (1); 

.-. {ht + Jcx)Dt\f{Dt)u^f{Dt).0. 

The occurrence of the exponential operative symbol in 
equation (1) shews that the proposed equation cannot be 
generally integrated in finite terms. Success would also 
require that b should be a multiple of h + ka. 

Ex. 6. To integrate 

C 
dtd^u + Ad^u + Bd^u + Cu=-^.u. 

Reduce the equation as in Art. 26, Case III., by as- 
suming U = V€~^^'^^l 

... d,d,v+{C-AB)v=^^.v (1); 

V 

rr.d^v + v^O. 



{C-AB)f-'C 
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Now assume a new variable r such that 

and dU?,v + v = 0. 

A form which we have seen cannot be integrated gene- 
rally in finite terms. The proposed equation is therefore of 
a form which in general can only be integrated symbolically. 

Ex. 7. To integrate 

,, AdtU-^-Bd^u Cu _^ 

Write {ht + Jcx)**v for m, and equate to zero the coefficient 
of v; 

.-. = kkm (m - 1) + {Ah + Bk)tn+ C, 

and = (A< + kx) d^d^v ■\-{A-\- mk) d^v + (B + mh) d^v. 

Operate on this equation with f(^^ ; 

/. {{U 4- kx)fd^ + hfdi^] . d^d^v + (^ + mk) dj{d) v 

+ (5 + mh) dj{d,) V =/ W . 0. 

Now as the form of / is arbitrary we are at liberty to 
assume 

hd,f{d,) + {B + mh)f{d,)=0; 

and {ht + fee) d,f{dt) d,v + {A + mk) dtf(dt) v =/(<?,) . 0, 
/. {ht + kx)d,. d,f{dt) v + {A+ mk) d,f{dt) v =f{d,) . 0. 
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This equation is of the first order with respect to cltfi^t) ^ 
as the dependent variable, and it can be integrated by the 
general method given in the former part of this Essay. It is 

•7? 

however essential to the finiteness of this integral thiat -t + ^ 

be an integer: but as we might have operated with f{d„) 
instead of f(d^, in which case the condition of finiteness 

A 

would have depended on y + «» being an integer, it is evi- 
dent that the proposed equation admits of integration in 
finite terms if either 

y + w, or -r + m 

be an integer. And as there are two values of m, either of 
which we are at liberty to use, the integral will be finite if 
either of the values of m will satisfy this condition. 

Ex. 8. To integrate 

Cu 
dtdgU + AdtU + BdgU + ABu = 



{ht + kxY ' 

For u write ve"^"^ as in Art. 24, Case III. ; 

, , Cv 

*■• ^'^'"^ = {ht + kxy • 

Now for V write w {ht + fee)"*, and assume 

m{m-'l)Kk= C; 
/. {ht + kx) dfl„w + rnkdtW + mhd^w = 0. 
Diflferentiate this equation with f{dfi^ ; 
.-. {(A< + kx)f{d^d,) + (H + M^fVA)] d4.w 

+ m (M| + hd^)f{d,d^) w =f{dtd^) 0. 
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We are at liberty to assume 

and {ht-\-kx)f{did^d^^w=^f{d4^(i) 

Now «j'»0 = ^^ + ^j< + ^/+... + J«^r"S 

where -4^, ^j, -4^, ... are arbitrary functions of x ; but it will 
be more convenient to assume 

8^ Q = A^ + A^ {ht •\-Tcx) + A^ {ht + IcxY + ... 

...+A^^{ht-\'hx)'^-\ 

which we are at liberty to do because x is here a quasi- 
constant ; 

/. sr\'"''w = A^{ht + Jcxy'+A, + ... + A^,{ht + Jcx)'^'^; 

.'. io = d;^'^(ht + kx)'^F{x). 

Similarly we have 

w = dr'{Jit + kx)'^f{t). 

Hence the complete integral is 

w = dr' {ht + hxyfit) + dr^ {ht + kx)-^F{x). 
If m be a negative integer, write — m for it ; then 

.-. {Jet +kx)dr^'dj^^'w==dt'^d J^0=:0; 

= F^x+ {ht + kx) F^x+... + {ht + kx)'^^F^^x 
+ /ot + {ht+kx)/,t + ... + {ht + kx)'^'f^,t. 
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The laws of the arbitrary functions must be determined 
as in Art. 40, Ex. 2, by substituting this result in the equa- 
tion from which they were derived, viz. 

{ht + kx) dtdgW =B rnkd^w + mhd„w. 
If this be done we find 

• 71 — in 1 

(2wi-w) (n + l)'jfc 






n-m 1 .. 

Ex. 9. The equation 

t^ (dt) u + A^' {di) u = 

can be deprived of its last term, and integrated if -4 be an 
integer. 

Diflferentiate it withy(di) ; 

.-. m +f'dt) <t> id,) u + Af{d,) f {d,) u =f{d,) 0. 

We are at liberty to assume 

<f>{d,)f%+A<f>'{d,)fd,=0: 

and t ii>d,y-^ u = {<f>d,) -■*■ ; 

.-. u=(<l>d,y-H-^<j>d,)-^0, 
Ex. 10. The equation 

{ht + Jcx) <f> (Z>0 u+A {h + ka) ^' {D^ « = 0, 
where Dfe = a, if treated in the same manner, will give 

« = (^D,)^-i (Jit + hx)-^ <l> (A)-^ 0. 
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41. If we have a linear differential equation, the co- 
efficients of which are of the form -4XH-^„_i^~^ + ... we 
may arrange the terms of the equation according to the 
powers of t It will then take the form 

^^ {d^u-\-t^^ {dt) u + f^^ (rf,) u+ ... =0. 

We shall shew how every equation of the kind here pro- 
posed may be solved, at least symbolically. And this we 
shall do by shewing how the equation can be reduced to 
another of one dimension lower in t: and as this process 
may be repeated on the reduced equation, we shall at length 
arrive at an equation of the form 

from which u will be known. We shall not attempt to prove 
this in a general way, in order to avoid complexity, but 
a few examples will be given which will render the general 
proof unnecessary. 

Ex. 11. To reduce to 

Operate on this question with. f{dt) ; 

As the form of / is arbitrary we are at liberty to 

assume 

fid,) <f>, K) +/{d,) <}>, (d,) = (1) ; 

••• tf{dt)<f>,id,)u=/{d,)0; 

.-. u={fdt.<}>dpf'f(d,)0. 

Equation (1) will give the form of /(<?/), and that of 
^, {d,) is given in the proposed equation : and consequently 
u is symbolically known firom the last equation. 
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Ex. 12. To reduce 

one degree lower in the powers of t 
Diflferentiate with /{dij; 

.-. {ffdt + 2tf'd, +f'd,) <!>, (d,) u + {tfd, -hfd,) 4>, (4) . tt 

+/(^i).<^oW"=/(^*)0. 

Equate to zero the terms on the left-hand side which do 
not contain t, and divide the remaining portion by t ; 

••• *. W •/" W + ^xW •/' W + ^. W ./ W = 0, 

and 

The former of these being of the second order will give 
two forms of f{d^, either of which may be used : and the 
latter equation falls under the preceding example. 

These two examples are sufficient to exhibit the principle 
of the method, and to shew that any equation arranged 
according to powers of t can be integrated, symbolically at 
least, if the successive equations for finding the operative 
factorial /(di) can be solved. 

It is hardly necessary to say that we may write ht + Jcx 
for t, and D< for d^ ; and a similar proposition will hold good 
respecting an equation of the form 

</>, {I),)u + {ht + kx) <f>^ {B,)u+ {ht + kxy^^ (I)t)u + ... = 0, 

if DfiD = constant, or quasi-constant, 

Ex. 13. To integrate 

t{dt+a) {dt + fi)u^A{dt + a)u + B{dt + l5)u. 
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Differentiate with /(c^). 

We are at liberty to assume f\dt) (<Z«+ a) {d^ + j3)u equal 
to either of the terms of the right-hand member which 
contain u ; 

fd, A B 

fdt df\-fi' dt + a* 

r.f(d,)=^{d, + l3)^ or {d, + a)^. 

If now either ^ or 5 be an integer, we may take the 
corresponding form for/(di). Suppose A an integer; 

.'.f{d,)^(d,+^y, 

and t {d, + a) (d, + l3y^^u = B{d,+^y-^^ u + {d^ + fi)^ 0. 

If we write v for (rf< + iS)'^+^w, we have 
t{dt + a)v = Bv+ {dt + /3) "" 0, 

which being an equation of the first order can be integrated 
as in the early part of this Essay. The proposed equation 
can therefore be integrated in finite terms if either A or 
B be an integer. 



E. 
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CHAPTER VIII. 

6 OE log^ AS LEADING INDEPENDENT VARIABLE. 

42. There is an important class of equations which 
seem to be most easily integrated by the use of 6 (= log t) 
as leading independent variable. A few of the requisite 
formulae are added. 

Since t-^\ .*. d^-t (1). 

Again, since deu =■ d^u . d$t = td^u ; 

.-. de^^td^ (2). 

Again ; dB.f^u = r^{ds'~n)u; 

.-. fdef^^dB-n (3) ; 

.-. f^^d^r'^^de-n (4) from (2). 

In (4) write 0, 1, 2, 3, . . . (n — 1) for n ; multiply the 
results together, and reverse them ; 

.-. de{de-l){de-'2) ... {de-n^-Vj 

= (cZa-n + l)(c?tf-n + 2) ... (de-'l)de 

= irdtt'-\r'dtf^ ffttf . td, 

==f.dr (5). 
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43. The following formulae of operations are useful ab- 
breviations. 

Since {da + A:) = r*^/^ f ; 

.-. . (ci!a + A:)" = rVtf^. rVtf^. r*(?tf^ ... to n terms, 

= rV,V (1); 

.\f(d,Ar]c)=t'^f(d,)i!^ (2); 

.-. fida + Ic) ./(de + 2i) . . ./ (eZtf + nk) 

= tyide) f . t-^f{de) ^ ... r^f{de)V^ 

= (rVrf,r . ^ (3). 

Since /(c/^ + A + A;) = ry (eZ^ + A;) f*, 

and f(j^4.h-\- 2k) = T*/ (</« + 2A;) f*, 



.*. /(rftf + A + A;) ./(c?fl + A + 2A) .../{de + A +wA;) 

= ry(c?a + A)/(eZfl+2A;) ...f{d0 + nk)f 

=nry^,)».f*^* (4). 

It is very important to notice that the formulae numbered 
(1), (2), (3), (4) in this, and (1), (2), (3), (4), (5) in the pre- 
ceding article are commutative with dg and with each other, 
because their equals in terms of de are so. 

44. By formula (2) of the last article 

f{de + h)==ty{de)f', 

.-. (da + A)(rffl + A-l)(dtf + A-2) (de + h-n + 1) 

= rVtf . (da- 1) . (rftf- 2) (fl?tf -n+ 1) <* 

^r^.fd;.^ (Art. 42, 5). 

By this formula we are able to express the product of a 
series of factorials of the form (de+oi) (rf^ H-^) (^^ + 7) ••• 
{d0 + ;a) in terms of t and dt, on the one condition that a, j3, 

6—2 
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'o 



y...fi can be so arranged as to form an Arithmetical pro- 
gression whose common difference is unity. 

And it is in consequence of this ability to pass from rf^ 
to rfj with such facility when such a series can be formed out 
o{ a, j3, y ,,. fi, that in the following articles our chief object 
will be to change the values of a, fi, y ,.. /j, or some of them, 
if necessary, so as to produce such a series when possible. 

■^45. Theorem. If we have an equation of the form 
/{cfe) . <f> {de) u + Ct^u = 0, then by writing vf^ for u, the 
subjects of /and <f> will be both reduced by a. 

For f{de) <f> (de) t'^v + (7^ . t^^v = ; 

.-. if'fidB) <f) (de) r*. V + (7^y = ; 

.-. /{de - a) <^ (fl?tf - a) v + C^v = (Art. 43, 2). 

Hence the following Rule : — To pass from the proposed 
equation to this, or from this to the proposed equation, 
nothing more is necessary than to use the equation 

«i = v^"*, or v = ui^. 

46. By the last Article we are able to reduce the sub- 
jects of the operative factorials when they are to be affected 
alike ; but if we wish to affect one of them onlv we must 
proceed differently.. 

Given the equation /(de) <f) (de) u + Cfu = 0, to increase 
or diminish the subject of /, without altering that of 0. 

Commutate / and ^, and differentiate the equation with 
r* (r*/e?fl)T*+* (see Art. 43, 4) ; and assume nk + h=-ky 

.-. (^ [de) t-* {tydeYt-y {de) u + Cf^rydeYu = 0. 

Now for (rJdeYu write (r*)**!;. 
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.-. j> {de) ty[de) VH + Ct^v = ; 

•*. ^ {de)f{de - nA) t? + Ci'^v = Art. 43, 2. 

Theorem. Hence if we desire to pass from the equation, 

f(de) <f> {de) u + CtH = 0, to f{de - nk) <f> {de)v + Cfv = 0, 

or, from the latter to the former, we must employ the 
equation 

47. Though we have thus succeeded in diminishing or 
increasing the subject of one operative function without 
affecting the other, it is to be noted that we can only increase 
or diminish a subject by integer multiples of A. 

48. If we have three factorials /(d^), F[de), ^{d^, we 
can change the subject of f hy nk', and then that of F by 
nk ; and then that of <f> by ri'k ; and so on for any number 
of operative factorials ; and to accomplish this we have 
merely to employ in succession the equations 

&c. = &c. 

Thus the result of the preceding articles is, that if we 
have an equation of the form 

f{de) .F(de).<f>{de)w+ Cfw = 0, 

we can affect the subjects of/, F, <f> in two ways : — 1st, we 
can alter them all alike by any proposed quantity ; and 2nd, 
we can alter any one or more of them by multiples of k, 

49. In practice a somewhat more convenient form of 
the preceding equation is the following. 
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Theobem. We can pass from one of the two following 
equations, viz. 

/(itf + a)^ (tftf) tt+ Cii'u =0,and /((Z|,+a - rik) ^(d0)v+Clf'v= 0, 
to the other by means of the equation, 

For since /((7a + a) = t-^ide) f (Art. 43, 2) ; 

/. f[di) t^(f> {de) u+ C^.ut^^O; 

.-. /{de) t^^ {de) r « . uf" + Ctf" . u^* = ; 

••• / {de) i> {de -a).ut^+ C{' . w^ = 0. 

Let us now assume (in order to reduce the subject of / 
by nk) in this equation, 

(r*/^i,)» . ut- = (r*)* • vi^ (Article 46). 

.-. f{de-nk) . <f> {de-a) vi^ + (7^. r^= 0. 

Divide by ^; 

••. t-'f{de-nk)^{de''o)t^V'^Ctf'v=^0] 

.*. f{de + a-nk)^ (de) . v + Cf'v = 0. (Art. 43, 2.) 

50. From this it is evident that we may pass from one 
of the following equations to the other, 

f{de + a) F{de + fi) ^ {de) u+ Ce'u = 0, 

SLndfide + a-nk) F{de + ^-n%)(f>{de)w+ (7^m7 = 0, 

by assuming, in succession, the equations 

(rydar.r^ = (rT.«^^. 
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Ex. 1. To reduce {d^ + a) {de + 5) w + Ct'u = to a sim- 
pler form in d^ 

Reduce the first factor by nh, 

.-. {de-^d-nk) {rf|, + 5) v + (7^t; = (1), 

and (f%Y.uir = {rT'Vt- (2). 

Now we have to form, if possible, of the two operative 
factors of equation (1) two adjacent terms of an Arithme- 
tic Series whose common diflference is unity. (Art. 44.) 

.'. a — wA; — 5 = + 1. 

We have therefore to consider the two cases, a == ni + 6 
and a = wA: + 4. 

Case 1. When a = nA + 6, equation (1) becomes 

(eZtf + 6) (d0 + 5)v+ a^t; = 0; 

.'. de{de-l).vf'hCtf'.vf = (Art. 43, 2); 

.-. d,\vf+Cir'.ve=:0...: (3). 

Case 2. When a = wA? + 4, equation (1) becomes 

(dfl + 4) {de + 5)v+ Cfv^O, 

.\ {de'-l)dB.vf+Cf.vf = 0,(Axt.4iS,2), 

/. d,\vf+Cfr'.vf=-0 (4). 

The reduced equations (3) and (4) are of the same form, 
and if that form can be integrated then the value of u may 
be found from (2). 

In the first case, if V be the integral of the equation 
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we find from equation (2) 
In the second case, 

Ex. 2. To integrate the equation 

d*u + ^.d,u+ Ce^u = 0. 

Multiply by f and introduce do; 

/. (de-^A- 1) deu + Cfu = 0. 

Diminish the first factor by nk (Art. 49) ; 

.-. (f%)\ut^-^={r'r.vt^-'' (1) 

and {d0-\-A-nk''l)d0V+ Cfv==0. 

Hence we must have J— wA: — 1 = ±1; there are there- 
fore two cases to consider. 

1st, when A==nk; 

{d0-l)dBV+Ci^v:=^O; 

:. d^v + Cr^y = (Art. 42, 5) (2), 

2nd, when A=:nk+2] 

.-. {de + l)deiV-hCfv = 0; 
.-. de (c?fl- 1) .vt+Ci^.vt = (Art. 45) ; 

.\ d^\vt+Cf^.vt = (3). 

The value of u will be known from equation (1), if the 
equation 

d;V+C^V=^0 

can be integrated. 
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In the first case 

V 

In the second case 

Ex. 3. To find for what values of k the equation 
d^u + C^'^u = is integral in finite terms. 

Change the independent variable from t to r, where 

io n — l , C ^j^ 

.'• rdr'u -\ . drU + -5 . tr^u = 0. 

n n 

As n is at our disposal we may assume ^" = r, which 
gives 271 = A:. 

Now on referring to Article 40, Example 9, it will be seen 
that this exactly corresponds with the equation there inte- 

C 
gi-ated, (f) {d^ there representing d^ + — j here. The only con- 
dition of integrability in finite terms is that A in that ex- 

ifc— 2 
ample, which represents ^. in this example, shall be an 

integer ; 

•*. ai. = ± ^> ^^ integer ; 

• • Hi ^^ Ij — ZIZ 



1 + 2A.* 



Hence if h be a fraction, the numerator of which is 2, and 
the denominator of which is any positive or negative odd 
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integer, the proposed equation will be integrable ; and its in- 
tegral will be 



u 



/ (J\^\-l / (ATA 

Remark. C may be a function of d^ 



Ex. 4. To take away the second term of the equation 
Multiply by f" and introduce t/^; 

:. (di + ^ - 7w + 1) ^ ((i«) u + at'-M = (Art. 42, 3)...(1) 
where ^ {de) = T'^d,"*"' = e?tf(di - l).,.{de-m^%). (Art. 42, 5). 

Diminish the first factor of (1) by nk'y 

.-. {de+A-nk'-m'^\)^{de)V'^ C^v = (2), 

and (r*rf,)» . w^-^-^' = (r*)* . t;^-^-*-' (3). 

On looking at the factorial form of ^ (dg) it will be seen 
at once (Art. 44) that we may only place the first factorial 
of (2) either before <f> (de), or after it. There are therefore 
two cases for consideration. 

1st. Let A = n}c; then ds + A—nk — m + l comes after 
<f> (do). 

.-. ^ {de) (c?a - m + 1) t; 4- Cfv = ; 

.-. d.'^v + CiT^v = (4). 

2nd. Let -4 = wA: + m ; then dff-^A^nk^m + l comes 
before <f> {de). 
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.-. (dB-\-l)<f>(d9)v+ Cfv^O; 
.\ de.<f>(de-l).vt-{-Ct^.vt = (Art. 45); 

.-. d^'^.vt+Ctr^^vt^O (5). 

These equations (4) and (5) are of the same form as the 
proposed equation deprived of its second term ; and if this 
form can be integrated, v will be known, and then u from (3). 

Ex. 5. To deprive 

t t 

of its second and third terms. 

Multiply by f* and introduce d^ ; 

.-. {de+A-m + 2) (cZa +5-fw + 2) ^ (cZ^) m+ C^i^ = ...(1), 

where <^ (de) = d^ {do — 1) ... (c?a — w + 3). 

Diminish the first factor of (1) by nk, and the second by 
nk (Art. 50), 

.-. {de + A'-nk-m+2) {de + B-nk-m + 2) <f>{dB) w 

+ C^w=^0 (2), 

and (f%y . w^-™-*^ = (ry . vt"^-^^ 

Now there are only three ways in which we can dispose, 
in accordance with Art. 44, the first two factorials of (2) : 
viz. we can place them (1st) after ^ (de) ; (2nd) one before 
and the other ajier <f> (ds) ; (3rd) both before ^ (do). There 
are therefore these three cases to be taken into consideration. 

(1). Let A = nk, B^nk-1. In this case both are 
after ^ (a^). 

.-. u4 + J5+l = (n + w')Aj, and AB=^nk{nk-l), 



.. } (3). 
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and ^ (rftf) ((/tf - m + 2) (//(, - m 4- 1) w + (7^ w = ; 

:. dr.w+Ct^,w = (4). 

(2). Let A^r.k, B = nk + tn — l, In this case one is 
before and one after ^ (^Z^). 

/. -4 + 5+1 =(n + n')i + wi, and AB = nk(nk + m'-l) ; 

and {do + l)(f> (de) {do - m -t 2) w + C^xu = ; 

.'. de<l> {d-e — 1) {d^ — m -\- 1) , wt -^^ C^ .wt — 0\ 

.-. d^-wt-^ Clf^.wt = (5). 

(3). Let A=nk + m, B = nk + m — l. In this case 
both are before (f> (de). 

.-. A-{-B+l = {n + 7i)k-\-2m, and AB={nk-tm){nk-{-m-l); 

and {de + 2) (d^ + 1) <^ (rf^) t^ + C^ m? = ; 

/. d0{dB'-l)(l>(de-2).wf+Cf,wf = O; 

.'. d,'^.wi'+Cr"'.wf = (6). 

The equations (4), (5), (6) are of the same form as the 
proposed equation deprived of its second and third terms. 
If this form (^/,'F+ CtT^V^O) can be integi'ated, the value 
of u will be given by equations (3). 

Ex. 6. To deprive the equation 

dru+^^^ . dr'u +^ . d^-^u + cr''u=o 

V t 

of its second and third terms. 

This is a particular case of the last example, and treated 
in the same way it gives 

{de + A-'m-{-2y(t>{do)u+Ceu^O (1). 
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The factors before <f} (de) being equal, we cannot place 
them together so as to constitute two adjacent terms of an 
arithmetic series whose common difference is unity. The 
only course open to us is, to diminish one by nk, and the 
other by nk, and then place one before (f> [d^ and the other 
after <f> (de), as in the second case of last example. 

.'. A=nk + m'- l = nk (2), 

and {de+ 1) (f> {de) (de - m+ 2)w+ d'w = ; 

.-. d^.wt^- C^,wt = (3). 

From (2) we learn that A and m — 1 must be multiples 
of i. 

Ex. 7. To deprive 

of its second term. 

This, like the last example, is a particular case of Ex. 5, 
and treated in the same way it gives (since J? = — -4 — 1) ; 

(da + ^-m + 2) {de-A-m + l)<f>{de)ui-Ceu = 0. 

Corresponding to the three cases of Ex. 5, we have 

(1). Let A = nk, which gives n'= — n. 

.-. A{A + l)=nk{nk+l); 
and driv+ CiT^w^O (1). 

It is a condition in this case that A shall be a multiple 
of k. 
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(2). Let A = nk, which gives (n + w') A; + m = ; 

.-. A{A + l) = nk (nk + 1), 

and dr^wt-^Ctr^.wt^-O (2). 

It is a condition in this case that m and A shall be 
multiples of k, 

(3). Let A=nk + m, which gives (n + n) k + 2m = ; 

.-. A{A + l) = {nk + m) {nk + m+1); 

and d,"'.wf=Cr^.wf (3). 

It is a condition in this case that A—m, and 2m shall be 
multiples of k. 

In these three cases if the proposed equation when de- 
prived of its middle term can be integrated, then the inte- 
gral of the equation with its middle term can be deduced 
from that integral by means of the equations (3) of Ex- 
ample (5). 

51. The method of reduction employed in the preceding 
examples being general enables us to generalise the results. 
Thus if we have an equation of the form 

we must multiply this by T, introduce de, and cast the first 
part of the resulting equation into the form of operative 
factorials. It will then have the form 

(d0-{- A - m + \) (d0 + B "m-^-X) ... {do -{- L - m -^\) <l>(dB) u 
where ^(e7^) =(?a(rf^-.l) ... {d^-m + X + l). 
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All the symbolic factors preceding (f> {d^ in this equation 
are to be increased or diminished by multiples of k\ and 
they are then to be arranged in every possible way with 
^ {d^ in which they can form with <\> (de) a series of m fac- 
torials in arithmetic progression whose common difference is 
unity. There are, speaking generally, and subject to con- 
ditions as in the preceding examples, \ + 1 ways of doing 
this : and in any of the cases if fju be the number of factorials 
which stand before <p [ds), then X — fi will be the number that 
come after <p {dg), and the reduced equation will be 

dr.Vtf^+Gtf^.Vtf'^O, 

If this equation can be integrated, then the integral of 
the proposed equation can be at once deduced from it. 

52. The principal object of this Chapter has been the 
reduction of equations to integrable forms by depriving them 
of some of their terms. The symbol dt has been used 
throughout and d^, dy, rf, ... have nowhere appeared, so that 
it would seem as though this Chapter has no connexion with 
the subject of partial differential equations. It is therefore 
necessary to point out that the articles of this Chapter are 
all true when D^ is used for rf^, and St for St. And not only 
so, but that even when d^ is used, the coefficient which we 
have denoted by G may be a function of d^, dy, d,,.,, with- 
out affecting the truth of the reductions of the proposed 
equations. Also when D^ is substituted for d^, then (7 may 
be a quasi-constant. 

Also since Dt Qit + hx) =^h-\-'ka when Dfc = a, the pro- 
positions admit of our writing ht + hx instead of t when Dt is 
used. The methods of reduction will be just the same, and 
the results similar in form. And the quantity a may be a 
quasi-constant. 
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Thus {ht-VhxYDe[ht'^kxy^Do''n{h'{'ka) 

In this case the only effect of using ht-\-Tcx for t is to 
substitute w (A + hd) for n. It will be found that only con- 
stants and not forms will be affected by the change of writing 
ht-^-hx for t 
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CHAPTER IX. 



mSCELLANEOUS EXAMPLES. 



53. The design of this Chapter is the illustration of 
various modes of applying the principles and methods of 
former Chapters. 

Ex. 1. To integrate 

tDt\u + AD^u = 0, 
on the supposition that D^ and A^ are commutative, 

Commutate the symbols i)^, A<, and multiply by ^"* ; 

.-. ^ A< . i>,tt + ^^-\ i>jM = 0. 

Integrate with S« ; 

Divide by ^ and integrate with 8i ; 

Ex. 2. To integrate 

tDAt^ + AD^ti + J5A<M = 0, 
Di and A^ being commutative. 
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We know that this can be integrated if we can deprive 
it of one of its last two terms. 

Operate on the equation with f{\) ; 
.-. {t/A, +/'A0 DAtU + ADJ(\) u + BAJ{A,) u =/(A0 . 0. 
Since /is arbitrary we are at liberty to assume 

/. A,/'(A,)+4/-(A,) = 0; 

/./A, = A- = V; 

and .-. <AA«./(A,)w + £A,./(A,)m=/(A,)0. 

Multiply by ^"^ and integrate with St ; 

,.\u = A,^-V^5,r^ V + A,^-^r )8i 0. 

The form of this integral indicates that unless A be an 
integer the value of u will be merely symbolical. But no 
such restriction attaches to B. 

If however A be not an integer, and B be integral, we 
must operate on the proposed equation with /(A) instead 
of /(At). The result may be obtained from the above by 
interchanging A and 5, Dt and A,, St and 2^. 

Ex. 3. To integrate 

{ht+ hx) DtAtU + ADtU = 0, 
on the supposition that Dfc = a, Afpc = 6. 

The symbols Dt, At are commutative (Art. 31), and 
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Commutate the symbols and multiply by (Jit + hcf^^ ; 

/. Qit + ^a;)*" Aj . i><w + -4 {Jit + hx^'K D^a = 0. 
Integrate with 2< ; 

.-. (Jit-Vkx)'^D,u = F{l^% li A = m{Ji-Vhh). 
Divide by {Jit + hx)^ and integrate with St) 
.'. u = 8,{ht + kxy^Fi^') +/(f). 

Ex. 4. To integrate 

2 

d^u — c*rf/w = - . dtU. 

z 

In this example D, = dt + cd^ At = dt — cd„ ^ = x — ct, 
^' = x + ct, and D„ A, axe commutative. Also 2d, = i?, + A,. 

.-. tDAiu={Dt + A,)u (1). 

Operate on this equation with D^ (Art. 39, 3) ; 

.-. tDt'At'u + {Dt + A,) i?A« = (A + A,) DtAtU ; 

.'. Dt^At'u = ; 
.'. « = /Si' + 2," 

The forms of the supernumerary arbitrary functions must 
be determined by substituting this value of u in equation (1) ; 
which being done we find 

o=i;(f)-cj"(f)+/x(r)+o/'(r): 

and as f and f ' are independent this resolves itself into the 
two equations 

^. (f) = ci?"(f). and/,(f')=-c/'(r); 

6—2 
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Kx, 5. To integrate 

d^u — c*dj,*u = -^ . 

In this case 2)| =» rf| + cc/„ A< = rf, — cd^ as in the previous 
i3xaniplo ; 

Now for w write vf*, and assume m (m — 1) = 2, which 
gives w» — 1 or 2. 

If we take the value — 1 for m, this equation will coincide 
with the equation (1) of the last example ; 

...«< = « = cf {F'^ -/'?') + J^+JT; 

A « = c(r?-/r)+r(Ff+/r)• 
Ex. 6. To integrate 

In this example A, A^ retain tho wtimo values as in the 
last example. Write v [ht + h^oY^ for fi, ftiid assume 

.-. (A« + hx) DAtV + wi (/a - A!d) /)|ii + ♦H (A + kc) A|t; = 0. 

Operate on this with f(DAi) j (ft>** brevity wo may write 
/for this function) 

/. {(Af + kx)/+ {h - ic) 2?, ./' + (A + A?o) A| ./} DgAjV 

+ m{h^ kc) DJ. V + w (A + A?o) A</. v =/ (2?A) 0. 
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Now as /is arbitrary we are at liberty to assume 
D, .f\l),b^ .DAt + mDJ{DA,) = ; 
/. DA, .f'{I>A,) + mf{DAt) = ; 

.: {Jit + hx) {8^:r'v = {St'Ztr o =sro+ tr o ; 
.-. V = Dr^Ar^ {ht + kx)-'^ {sro + s,™ o). 

This formula indicates that m must be an integer; and 
that the value of v consists of two independent parts, one 
depending on 8i^ 0, and the other on S,*" 0. ■ We may find 
them sepai'ately and similarly. 

Now 
Sr = F, (f ) +F^{^).{ht + kx) + ...+ F^, (a . {ht + kxT-\ 

{ht + hx)-'8r = (A< + Tcx)-^F,{^) + i?; (I) + . . . 

... + {ht + kx)^F^,{^; 

.'. A"-* {ht + kx)-^Sr 0={ht + kxy^F{^). 

Similarly 

A,*"-' {ht + kx)-"^ tr = (A< + kx)-^f{^') ; 
.-. V = Ar' (M + kx)-^F{^ + Dr^ {ht + kx)-^f{i') ; 

u will be known from the equation 

u = v{ht + ix)". 
Ex. 7. To integrate 

d'u — <?d*u = — - . dtU. 

V 

This differs from Example (4) in the last term only, 
having 2A for 2 ; 

/. <AAtW = ^(A + A,)tt (1). 
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Operate on this equation with /{D^^^, 

.'. mDAt) + {Dt + A,)/'(i?A)l 2>A« 

= A{D, + A,) ADA,) u +fiDA;) 0. 
We are at liberty to assume 

BAif'iDA.) = 4f{DA) ; 
.-. /{DAt) = (AA.n 

and t (PA,Y*^ u = {DA^^ 0=0; 

.-. « = (fiiA,)^« = Sr + 2,^" 0, 

We may find the two parts of u separately and similarly. 

Now 

The forms of the supernumerary arbitrary functions must 
be determined by substituting this expression for u in equa- 
tion (1). We thus find that 

In a similar way we find 

/. u = {Fi +fn + ct{diFi- d^f^) 



2A^ ' 2A-2 ' OT3 • ('^t^^-^r'f^^ + 
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Eemark. If A be negative, write —J. for -4, and the 
integral will then be 

Ex. 8. To integrate 

6 + 0? 

Here i>( = di + <4, At=^dt — d^, ^=zx-^t, ^^a+t, 
2di = i>,+ At, and i),, Aj are commutative. The equation 
becomes 

(t + a?) DAt'^ + 2 Ajw + 22)<w = 0. 

Now since t + x = ^, therefore i><f'=2; and we may 
integrate at once with 8t ; 

As ^' is in this equation a quasi-constant, multiply by 
€*' and integrate with % ; 

Ex. 9. To integrate 

2 

I "T" fl/ 

Here i>t and A^ have the same values as in the last 
Example. 

2 
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Divide by ^ + a;, and integrate with 8^ 

Now as f is a quasi-constant in reference to 2<, we have 

=^^(t + xyF{t'-x)+<f>{t-x)+f{t'{-x). 

Kemark. ^tF'{^) is not exactly equal to i^(|), but to 
— ^jP(f), but the constant (-"oj maybe considered as ab- 
sorbed into the arbitrary function. 

The form of the above integral may be simplified by 
writing (^ — a?)' + 4to instead of (t + x)^ in the first term. 
It may then be written in the form 

u = txF{t -x)+(f>{t-x) +f{t + x). 

Ex. 10. To integrate 

Cu 

Here 

Dt = df\-adg„ At = dt + hd„, ^ = x-at, ^' = x-'ht; 

.\ {ht -^^ kxY DAtU =^ Cu. 
If we write {ht + kxf^v for u we obtain, assuming 
m{m-l){h-\- ha) [h + kh) = C, 
(ht + kx) DAtV + m{h + kb) DtV + m (h + ka) Att;= 0. 
This equation has already been treated in Example (6). 
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Ex. 11. To integrate 



{ht + kxy • 

Here Dt = dt + ad^, ^=^x — at 

.-. (ht + kxy.I)S==Cu. 
The integral of which is 

m and n being the roots of 

m{m-l){h-]-Jcay=a 
(7 may be a quasi-constant. 

Ex. 12. To integrate rf/w — -4 . c?/t^ = 0. 

This falls under the general form considered in Art. 50, 
Ex. 3. We here assume f^ = t, and change the independent 
from t to T. 

/. T {dr'u - cW/tt) + 2d!!rtt = 0. 

[The rule for determining in equations of this form what 
power of ^ is to be assumed for t is this. The power of t in 
the question is r*, take the square root of this (= f^) and 
integrate this (= f^). This is the value of t. (If the form 
of t in the question had been t'', its square root would be T*, 
and ,'. T = log^.)] 

.'. JD^ — dr + cdgef Ar—dr — cdg, f=aj — CT, ^=:x+ct; 

J. rDArU +{Dr + A^)u = 0. 
Operate with (D^A^)"^, 

/. tAA, {DA,y^u = (AA,)-' = 8,% ; 
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.'. 7 = i^(f)+/(r) 

A u = tFU^jj + tf(x + ^y 

Ex. 13. To integrate dt*u - (?f^ d^u = 0. 
In this case we must assume <* = t. 

/. Ti)^^W = ( A + A^) w (1). 

Operate on this equation with (-Dt^), 

=ir(i)+Ti^,(?)+/(r)+T^,(r). 

Substituting F{^) + tF^(j^) in equation (1) for u we 
find i^, (?) = ci^'(?). Sinnlarly /, (f) = - c/(r). 

= c«* {J^' (a;- c«*) -/'(a? + ct^)} 
+ ^{aj-c^*)+/(aj + c^). 

Ex, 14. To integrate AV - 0*^"*^ = 0. 

The integral of d^u — gY*u = is 

7/ ^ — ^ 
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consequently the integral of the proposed equation is 



e 



and c may be a quasi-constant, or a function of c?^, rf^, ... 
Ex. 15. To integrate 

dtU + — . dfii^u 4- la . dg^u — c^x^u = 0. 
Here A = ^« + 7'^»> ^~7' ^'^^ aj"^ = -4.*"* = f^.r*; 

This agrees with the form of the preceding Example, 
with cf^ for c. 

... ^ = e^if(f)+,-^/(|) 



= elir(|)+e-|/(f). 



Ex. 16. To integrate di'w + CM = — ^-^ — ^.w; A being 
an integer. 

Multiply by ^ ; 

For f'ci' write (?tf ((?«- 1), (Art. 42, 6); 

/. {rf(> (dftf - 1) --4 (ui - 1)} . w + cfw = ; 

Diminish the symbolic factorials by A (Art. 45) ; 



92 MISCELLANEOUS EXAMPLES, 

or, writing v for ut^. 

We have now to increase the first of the factorials by 
nk (that is, by 2 A, for A = 2, and n = — -4) to reduce them to 
the requisite form (Art. 44). We must therefore assume 
(Art. 49) 

.•. d0{de — V)w-\'cfw = Q\ 
.'. M^w ■\' cfw =^ Q "y 
.*. d^w-\-cw=Q. 

The integral of this equation is known : and u will be 
known from the equations 

u = t?r^ and V = e^ {pdeY w = ^ {r^^w. 

.\ u=t^(r^dtyw. 

For dt in this example we may write D^, and c may 
be a quasi-constant : if di be used, then c may be a function 

Ol dggf U/yf • •• • 

Ex. 17. To integrate 

dtu + AdfVL = -Y . 



This may be written, 



d^{d^■\■A)u = -p . 

z 



For u write vift ^"^ ; 



••• ('^'-i^)('^«+|^)*=T5 
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which falls under the last example. We may "write D^ for 
cZ<, and a quasi-constant for A. 

Ex. 18. To integrate 

dtU + adtdjii = -^ . 

This is equivalent to, 

.'. Z)t = c?< + at4, and ^ = x — at; 

.'. dtD{u = -g- . 

Now assume u = vf, and put m(m — l) = 2, which gives 
m = % or — 1, 

Taking the latter, we have 

tdtDii}={Pt-^dt)v ■. (1). 

Differentiate with dtDt, 

The supernumerary constants are to be determined by 
substituting this result in equation (1), (see Ex. 4) ; 
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Ex. 19. To integrate • 
Dividing by ^, 

.-. Dt = dt + -d,, and | = ^; 

... „ = ^ ^ ^. ^ . + ii^d) +/(f ) 

* (m + n — 1) (m + n) ^' ^^ ^ ' 

" (m+n-l){m + n) "*■ *^(« j "^-^ W * 
Ex. 20. To integrate 

«»i> + nf-* ac^"-' d,M + n ^^ <"-^ ic'tZ,"-^ <?> + . . . 
Divide by <*, then 

CO OS 

Dt = dt + -d„, and ?=^; 



.-. u = 



m {m — l) (w — 2) ... {m — n + 1) 

Ex. 21. To integrate 

i^dtU — ic*e?/w + tdtu — arcfjpW = 0. 

.'. d,V- ^ . d^u + - fciiw - - . d^uj = 0. 
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Comparing this with the formula (1) Art. 30, 
^iD^u = d^u + {Dfc + A^a?) d^d^u + D^x . A^a? . d^u + AtD^ . dji, 

we have D^ = - , A^x = — 7; ? = 7> ^ = tx, 

Z Z ■ t 

2x 
.'. A,Z?<a? = — -^, and Di^^ — Q, 

hence 2?| and A^ are not commutative; 

/. «At2>tt^ -f A«* = 0. 
Integrate with 2„ 

= F(tx)+fQ). 

Ex. 22. To integrate 

dt^u + -.dtU'~ d^d^u = ;5 . w. 
z V 

:. fdt\ + 2td,u - aW/tt = 2u ; 

.-. (do + 2)(de-l)u'-a!'edJ'u^O. 

For convenience write O for --c^d^'y 

.'. {de + 2) {d0'-l)u+ Cfu = 0. 

We have now to diminish the factor d$ + 2 by 2 ; this 
we do by assuming (see Art. 49) 

(fde).uf:=:^(t'^).vt* = v (1); 
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.'. v = F(x-at)+f(x + at). 
From equation (1), we have 

Ex. 23. To integrate 

d^u + dji 2u 



dtdju + 



t + x 



it + xY' 

For u write v [t-\- x)^, and put m{m+l) — 2 which gives 
771 = 1 or ^ 2. We take the latter value of m ; 

.*. {t + x)did^v=^diV+ djv (1). 

Differentiate this with dtd^., (Art. 39, 2) ; 

.-. {t + x)dtd^v^Q\ 

^{t + x)F,{x) + F(x) + {t + x)f,{()+f{t). 

The forms of the supernumerary arbitrary functions are 
to be determined by substituting this value of v in equa- 
tion (1). This gives 

.-.« = «(< + xy = {t + xy (Fx +fi) - 1 (« + <»)-" (F'x +ft). 

Ex. 24 To integrate 

(f — x) (d^u — dgu) = 4. 
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In this example 
Integrate with 2„ 

/. A^^=2logf + i^'(r); 

/. t. = 2nogf + i^(r)+/(f). 

8tF'{^') is not equal to F{^^); but it is equivalent to it 
in this case, because Dt^' (= 2) is constant, and the constant 
may be considered as being absorbed in the arbitrary 
function. 



E4 



( 9» ) 



CHAPTER X. 

EQUATIONS OF THE SECOND ORDER COEFFICIENTS 

FUNCTIONS OF p AND q. 

54. In this Chapter it will be a convenience to repre- 
sent diU and dg,u by p and q respectively. The following are 
the formulae suitable for this class of equations. They are 
a mere adaptation of the general formula of Art. 7 to these 
equations, and no new principle is involved in them. 

Dtp = d^p -f Dpi . d„p = dtU'\-Dfc . d^K^ (1), 

Dtq — dj^ '\'Dfc.d^q =^ d^dg^u •{• Dpc , d*u (2). 

From these we immediately deduce the following forms, 
which it will be observed are such as can be at once adapted 
to those terms of an equation which are of the second order. 
They are the forms under which such terms generally present 
themselves, and will serve as guides in choosing the starting- 
point in commencing the integration of any proposed equa- 
tion. 

Dtp-Dpi.D^^d^u-iPfof.dS (3), 

D^p + J){c.I>,q = d^M + 2J9<aj. dfi^u-^-iDp^Y .d^u (4), 

D,p-\-M. D^ = d^u + (A«+ JbT) d^^U'\-MDipc.d^u...{o), 
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In the last of these forms M is arbitrary. In using the 
form (4) the value of D^ will be definitely known by com- 
parison of the right-hand side of the formula with the pro- 
posed equation ; and it will have only one value ; in conse- 
quence of which there will be only orie first integral of the 
equations that fall under that form. The general integral 
corresponding thereto may contain two arbitrary functions, 
but they will be functions of the same subject. 

In using forms (3) and (5) the arbitrary functions, which 
will appear in the general integral of equations which fall 
under those forms, will have different subjects. For in form 
(3) the value of (A^)^ will be given by comparison of the 
right-hand side with the proposed equation; and conse- 
quently D^ may be either (+) or (— ) a certain quantity. 
Hence there may be two first integrals, one of them to be 
found by using the (+) value, and the other by using the (— ) 
value of D^. Also in using form (5) the quantities that will 
be known by comparison of the right-hand side with a pro- 
posed equation are D^ + M and M, DfX, in which M and D^ 
are evidently interchangeable ; consequently by using first 
one value for D^ and the other for M, and then inter-^ 
changing them, we have two different values for 2>^, and 
consequently there may be two first integrals, and two dif" 
ferent subjects of the arbitrary functions that enter into the 
final integral. 

Examples suitable for this Chapter are not very abund- 
ant in Treatises on Partial Diflferential Equations, but of 
those that are usually given there are some which are in- 
teresting from their connection with Geometry or Physics. 
These introduce us to a new class of integration diffi- 
culties, — and in consequence of these, explanations are re- 
quired which it is by no means easy to give ; and of those 
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» 

explanations that are here given conjecture forms a large 
feature, but it has been judged better to ofifer conjectural 
explanations than to pass over the difficulties in silence. 
Some good will have been eflfected if nothing more is done 
here than to direct the attention of mathematicians to them. 
The difficulties here referred to are brought to light by the 
method of integration peculiar to this Essay. 

Ex. 1. To integrate 

^d^u — 2pyd((4^ -\-p^d^iA = 0. 
Divide by j*, 

/. dt^u -- -^ dtd„u + ^ d^^u = 0. 

On comparing this with formula (4), we find that 

DjJG^ — -, and Dtp + DtX.Dtq = 0; 

.'. p + DtpD.q = 0, and A^ — -. Z>i2' = 0; 

2 
/. «=f, and| = J'(f); 

.'. = x + tF(u)+f(u). 

This is the general equation of a certain class of Ruled 
Surfaces. 

Ex. 2. To integrate 

4*w.rf> -(</,<?,«)• = 0. 
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This is the characteristic equation of developable sur- 
faces. Its terms are not linear, but frpm its peculiar form 
it can be integrated by means of the above formulae. 

Divide by dju, 

Comparing this with form (1) we have 

Ai> = 0, and i)^ = -^'; 

/. i? = ?, and dtdji + D^ . dju = 0. 
And by form (2) we have 

D^ = didgU + D^ . rf/w = ; 

This is the first integral The final integral may be thus 
found : 

.-. tt = f< + «i^(f)+/(f). 
But this is subject to the condition that f = p = dtU ; 
/.?=?+{« + ^i^'(|)+/(f)}.(^|; 

.-. either = e + a:i^'(f) +/'(?), or Q^dJ^^d^u. 

Now in general d^u cannot be = 0, therefore the general 
integral of the proposed equation is that which results from 
the elimination of | between the two equations 



{ 



u = it + xF^+fl 
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65. Let us inquire to wliat kind of developable surfaces 
the condition rf^f = belongs. 

Since dt^ = dt\ this being substituted in the original 
equation gives d^gU = 0. We have therefore to find that 
form of u which will satisfy simultaneously the two equa- 
tions 

diU = 0, and d^d^i = ; 

C being an arbitrary constant and ^ an arbitrary function. 
This is the equation of a cylindrical surface. And therefore 
when the developable surface degenerates into a cylinder, 
the integral just found must take the place of the general 
integral. 

We may remark that the proposed equation when written 

in the form j~ = -^ falls under Ex. 6, Chap. 2 : and con- 

d^p d^ ^ ' 

sequently we have at once, as its first integral, g[ = F{p). 

Ex. 3. To integrate 

qd^u — pdifigU = 0. 

This equation, like the preceding one, may be put under 
the form of Chap. 2, Ex. 6, for it may be written in the 
form 

dtp^dtu^ 

d^p d^u ' 

1 

.-. p = F{u) =^yr-^ (suppose) ; 

.\ f{u).dtu = l; 
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Ex. 4. To integrate 

?(! + ?) dt*u - (jt> + 2 + 2pq) dt^^u+p (1 +p) d^u = 0. 
Divide by j (1 + y), 

... d:u^(^-v\^)dAu+^-}r^d:u^O. 

On comparing this with form (5) of this Chapter, we 
have the option of assuming 

i)taj = -^, or = — :i — ^; 
2 1 + 2 

the former on trial is found to be the simpler. We therefore 
assume 



M 



= -T?. A^ = --' and i),p-i^:i)^ = 0; 

, .*. « = ^, and l + p = (l + gr) J'(f); 

or 2) - i^(tt) J = F{u) - 1. 

This is an equation of the first order, and may be inte- 
grated in the usual manner. 

Compare it with the fundamental equation 

.-. A<!i = -F(m) - 1, and A(a? = -jP(u). 



104 EQFATIOKS OF THE SECOND OBDER. 

/. A,tf + A^+1 = 0, and ^^^^ = 1; 
/. tt+aj + *=f', and ^ = «+/(f); 

18 the integral required. 

Ex. 5. To integrate 
(1 +|)j + 2^ dt*u+{g^-f) dfijn- (1 +|)gr +|)«) rf/u = 0. 

We notice that 
let this be substituted. 

Compare this with the general formula 

A(p + 2) = <^(;' + ?)+-Dta'.<?,(i'+2) J 

••• l' + ? = f. and '^«* = -r|3; 

Integrate with 8t, remembering that p + D^e . q = Dfi, 

.: « + a; + fu = i?'(f) (1); 

/. « + a! + (|) + 2)« = l'(jp + y). 
This is a first integral of the proposed equation. 
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This equation may be integrated in the following 
manner. 

By inspection of equation (1), we perceive that 

Comparing this with the general formula, 

we find 

Afps — 1, and A^u^<l>{u, t + x) = ^', 

.\ a? = ^+f, and t + x + u^^F{^) from (1). 
Divide the last equation by f, and differentiate with A<, 

•'• t \t + x) . -^ = A( . Y^ . 
Multiply by 2, which is = A| (^ + a:), and divide by ^2 + 1*; 

f *v ; V, -r y f72 + f» 72 + r ^ 

Integrate with 2<; 

.•.=^".(,+.)=E.i^E^^/(n (2). 

If now we eliminate f between ' this equation and 
equation (1), and write x-^t for f', we shall have the re- 
quired integral 

But equation (2) contains a term affected with the sign 
of integration. We are at liberty to write F^ (^) for that 
term, but this would introduce the sign of integration into 
equation (1). 
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The integral of the proposed equation may be found 
in a more convenient shape from the second first integral, 
as follows : 

The proposed equation may be thrown into the form, 

(1 +jpq + q") {d^u + d,d^u) = (1 -^-pq +/) (d^^u + d^u). 

On reference to formulae (1) and (2), we see that if 
we assume A|a? = l, which gives |' = a? — t then 

(1 -{-pq + j") ^tp = (1 +i?j +i>') Atj. 

For brevity write f for p + gr, and express this equation 
in terms of ^ + j and p — q\ 

Integrate with 2<, 

.-. V2+r=(2>-?)./(n (3). 

This is the second first integral. It may be integrated 
in the foUowing way : 

2du = 2pdt + 2qdx 

= (p + q) (dt ■{■ dx) + (p - q) (dt - dx) 

='S(dt + dx)-j2 + ^.j^s from (3); 






(4). 



K we eliminate f between these equations, and write 
a? — ^ for f ', we shall have the required integral 
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The advantage of this integral over the one before found 
in (1) and (2) is, that it contains no quantities under the 
sign of integratioii. 

The above Example may be put under a somewhat more 
general form which can be integrated in the same manner. 
It is here added as an exercise for the student. 

To integrate 
(A; + py + of) [dtu + adtd^u) = (A + apq +p^) {d^jA + ad^u). 
Ex. 6. To integrate 

^d^u-p^dS^^' 
Divide by ^ and compare with formula (3) ; 

2 

.-. (i)^)' = S, and i?<;? - i?^ . i?i5r = 0. 

There are two values of DfCy we take the negative form 
as being the simpler : 

.-. i?i^ = -^, and i?,;>+|.i?|j = 0; 

/. D^u =p + qDfs = 0, and pq = -F(f) ; 

/. w = f; .\pq=iF{u). 

This is a first integral It may be. integrated as follows. 
Let 5 be a new dependent variable, such that 

P^OJFu, and .*. q=^-.jFu.' 

Then, because 

du =pdt + qdXf 



" ^jTa e ' 
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X 



:. <p{u)=^0t + ^+fi0) 



o = «-|+/W 



(1). 



0" 

The elimination of between these two equations will 
give the required integral 

This integral has been obtained from one of the values 
of Dfc; and this value has led us to the equation 

F(u) =pq 

as the corresponding first integral. It is easy to obtain the 
second first integral, if required, by employing the second 
value of Dfc, In this case we must introduce the symbol A^ 
and the equations we have to deal with are 

Afs=^, and A^p — A^. A|j= 0. 

From these we can obtain two integrable equations. For 
eliminating A^ we have 

A<^-|A,gr = 0; 

/. A^ = f ; 

q ^\qJ 

This is the second first integral, and if we substitute SP 

P 
for its equal -, we shall see that this first integral constitutes 

the second of the two equations (1). The final integral de- 
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rived from this equation will be found to be the same as that 
akeady found and expressed by the equations (1). 

56. Hitherto we have been able to proceed to the final 
integrals of the Examples proposed without meeting with 
any impediment. But we shall not be able to do so in the 
remaining Examples of this Chapter, These will bring us 
face to face with difficulties which require careful considera- 
tion. But when they are resolved they seem to have con- 
stituted an essential part of the process of integration, because 
they have forced us out of the track of ordinary routine when 
ordinary routine was inadequate to the task of integration. 
They teach us that diflferential equations, which fall under 
this class, sometimes represent (Geometrical properties or 
Physical phsenomena which an ordinary integral (an integral 
which can be obtained in the ordinary way) cannot express. 
In fact the difficulties which force us out of the beaten track 
are necessary, because the integral which is to be found has 
to express results which cannot be expressed by any single 
integral. Two integrals are found to be necessary, each of 
which is independent of the other ; and yet though capable 
of being solitary, they are to be ako capable of being joined 
together by a single link. This language will seem myste- 
rious at present, but it will be explained by the examples 
which follow. 

An important question will also be suggested and in one 
instance answered, — must there necessarily be an integral of 
every partial differential equation that can be proposed ? We 
may write down a partial differential equation at random, does 
it necessarily express possible geometrical or physical proper- 
ties ? and if it does not, ought we to expect to be able to 
find an integral of it ? If the conditions and requirements 



i 
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of a problem be of such a nature that the variables cannot 
satisfy them without assuming the attributes of infinity, as 
in Example 10 of this Chapter^ is it reasonable to expect 
that the differential equation which embodies them can 
admit of an integral 1 

There may be degrees of impossibility of this kind. As 
in ordinary Algebra there are formulae which are true for 
one set of numbers (say, odd numbers) and untrue for any 
other set of numbers (say, even numbers) ; and other formulsQ 
which are true for even numbers and untrue for odd numbers ; 
so there may be two forms of integrals of the same equation, 
one of which may be true for one set of values of the 
variables, and the other for another set. How is it to be 
indicated in an integral, when there is no indication of it in 
the partial differential ecjuation from which the integral was 
derived, that one of the forms of the integral is to be used 
in one set of circumstances, and in other circumstances the 
other ? 

The next equation we shall give for integration is derived 
from Ex. 1 by arbitrarily changing the algebraic sign of 
the middle temu The equation in Ex. 1 represents a family 
of Euled Surfaces, what does the equation in Ex. 7 represent? 
Does it represent a possible property either in Geometry or 
Physics ? 

Ex. 7. To integrate 

g*dt^u + 2pqdtidg.u +p^dju = 0. 

Compare this, after dividing it by j*, with formula (4) ; 
,-. JD^=^, and D^p + DffcDa^O (1). 
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These two combined give 

No other integrable equation can be obtained from equa- 
tions (1). Here then we meet with only partial success. 
What use can we make of this degree of success ? It must 
be of some value. The following has suggested itself. 

Let us now abandon the equations (1), and use our 
success as a hint to change the dependent variable from 
u to pq (or f). This change of the dependent variable 
being made, the proposed equation takes the form 

Now, on comparing this with the general formula, 

A (pq) = ^t (pq) + -D«a; . 4 (jp?) 
we perceive that we must have 

A {ps) = 0, 

an equation which can be satisfied in two ways only, viz. 
by supposing 

either pq = constant ; or ^ = quasi-constant. 

The latter involves the unintegrable equation i?^=^ ; 

but the former evades this equation. The only way of 
arriving at a final integral is therefore the supposition, 

pq^ C, a constant; 
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We consider the impossibility of forming two integrable 
equations out of equations (1) to be a necessary incident, — 
necessary to force us upon this alternative equation. 

.*. du ^pdt + qdx 
= pat H — dx\ 

Q 

/. u=^pt+ - x^-Fip) 

o^t^^,x + r{p) 

The elimination of p between these equations will give 
the only possible integral; which therefore contains one 
arbitrary function, and one independent arbitrary constant 
According to the usual rule, there might be in a general 
integral two arbitrary functions, but in this Example the 
place of one of the arbitrary functions is supplied by an 
independent arbitrary constant. 

Ex. 8. To integrate 

dt^u + Zpdtd^u + (/ - a*) d^*u = 0. 

Since 2p = (jp + a) + (jp — a), we may compare this equa- 
tion with formula (5), 

D^p + MDtq = d^^u + (P^ + M) d4„u + MDfc . d^u\ 
/. either D^x^^p-ha, and M^p—a; 
or D^ =p — a, and M^p + a. 

We begin with the former of these ; 

.*. DtX ^p + a, and Dtp + (p — a) Dtq = ; 

.*• {p — a) 6* = f. 
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The equation D^ ^p + a cannot be integrated ; we 
therefore proceed as in the last Example. We take (p — a)^ 
for a new dependent variable, and this conducts us to the 
equation 

(p — a) €*= (7, a constant. 

And this being integrated in the same manner as before, 
gives 

u^{Ce^ + a)t + qx + F{q)) 
O^^Ce-'t^-x + riq) j ^^^* 

and if we eliminate j between these equations we shall have 
n general integral of the proposed equation. 

We say a general because we have another set of equa- 
tions to deal with, viz. 

DiiC=p-~a, and M=p + a; 

which are also included in the proposed equation. The 
resulting integral in this case is 

u^iC'e-^-ajt + qx-^fia)) 
O^^C'e^t'\-x+f(s) J ^^> 

Thus we have in an Independent manner obtained two 
integrals of equal authority. We have now to examine the 
significance of this circumstance, which it is obvious could 
not have occurred had an integral been obtainable in the 
ordinary manner. Let us examine the two integrals. 

1. The two arbitrary constants G and C are not neces- 
sarily equal Nothing in the processes of integration neces- 
sitates their equality. So likewise the two functions F and 
/are not necessarily equal, being absolutely arbitrary. 
E. ^ 
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2. Nevertheless, if we assume t = 0, the two integrals 
"become 

u = qx + F{q)l 

0= a; +F{q) J w. 

and 

u=qx+f{q)l 

0=x+f{q)j W, 

which place before us the following alternative : 

(a). Either jF and /must be equal ; 

or ()8). The two integrals cannot both be satisfied with 
the same values of x; that is, they cannot cover the sam^ 
groimd. 

3. If F and /are equal, write in equations (2) F for/^; 
and the same in equations (4). 

Two circumstances will now be evident. 

(7). The equations (3) and (4) exactly agree; but 
equations (1) and (2) differ, and cannot be made to agree 
even by assuming (7' = (7. 

(S). The phaenomena represented by the first and 
second integrals (1) and (2) exactly agree when ^ = 0; but 
they disagree for all other values of t 

If for easiness of expression we call t time, and x place, 
we may express these results (7), (S), as follows : — 

When i5^ and /are equal, the two integrals (1), (2) express 
phaenomena which had a common origin at the time ^ = ; 
but afterwards they become essentially distinct, — solitary/, 
not existing in the same place. If t have the same value in 
both integrals, x cannot have the same value in both. The 
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-phsBnomena therefore which coexisted both in time and place 
at their origin afterwards become solitary,— each existing xfi 
its own place. 

In their most general form the two integrals of equal 
authority which we have obtained represent phsenomena 
which do not coexist in space, and are every way independent 
of each other. But in the restricted forms obtained by as- 
suming F equal to. / they represent phaenomena which have 
no other connexion than this,— that they are due to a com- 
mon originating cause. 

The general inference therefore is, — that the proposed 
differential equation embodies properties or phaenomena 
which may be either, — 1st, absolutely independent, ' and 
capable of existing separately and alone; or, 2nd, dependent 
in their origin, but afterwards independent, and incapable 
of coexisting with the same values of co-ordinates t and x. 

The Wave of Sound. ' 

The two preceding Examples will in some measure have 
prepared us for entering on the integration of the dynamical 
equation for the transmission of the sound-wave through 
a thin straight horizontal tube of elastic inedium. 

Ex. 9. To integrate 

d^u = -a . dfu. 

This is the dynamical equation for the motion of the 
sound-wave. On comparing it with formula (1), we find 

(i>^)* = — a; and Dtp-^DfcD^q^O. 
9. . 
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We have therefore two cases to consider arising firom the 
two equations^ 

jD^=s-, and AfSBs — . 

We begin with the former of these. Both of them are 
tinintegrable ; but the former enables us to obtain the 
Mowing integrable equation, 



p 



On account of the impossibility of obtaining another 

integrable equation with the help of Dfi^- on which 

the integral just obtained depends, we are obliged to take 

je*"" as the new dependent variable instead oi u\ and this 
leads to the equation, 

je"** = (7, a constant; 



whence we find, as in the preceding examples, 

p 



(1). 



The elimination of p between these equations will give 
us one of the general integrals. The other will be found by 
writing — a f or Ow 

(7' .!> f ^^^• 
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All the remarks that were made on the two general 
integrals of the last Example might be repeated here ; but 
as in this example we know the meaning of the symbols 
t, X ; and also know the origin of the proposed differential 
equation, we can use more definite language here than 
there. 

The origin of the proposed differential equation is this:— 
Given a uniform elastic medium (as air) at rest. A suddeu 
short disturbance occurs at a particular part of the medium. 
The details of the original disturbance are given. Find the 
state of the medium at any subsequent time. This is ex- 
pressed in differential symbols in the proposed equation. 

We know that a denotes the value of the fraction, 

^ r— : X the distance of a particle of air from a fixed 

density 

section of the tube before it was disturbed; and u the 
corresponding distance of the same particle when in motion 
at the time t Also j? = (?<w = o the velocity of the same 
particle at the same time, and 

Po 
where p^ is the equilibrium density of every part of the 
medium, and p the density at the distance u and time t 

Hence, in reference to the first general integral (1), the 
equation, 

g€ « = (7, becomes — e « = (7, 

Po 

But in the forefront of a wave p becomes p^ and « = 0, 
which values beiDg written in the equation for p and v give 

C=li 
,% always p=/>o€* ••••(3). 
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In a ^similar way we arrive in the case of the second 
integral at the equations 



V 



(7'=1, and p^p^e • (4), 

It is evident then that (3) and (4) cannot coexist in 
the same part of the tube, since (3) exists where p is greater^ 
aiid (4) where it is less^ than p^, 

. Hence the two integrals (1) and (2) cannot both hold 
good at the same time in the same part of the tube. 

Taken separately (supposing v positive) (1) represents 
a wave of condensation (a positive wave) ; and (2) a wave 
a£ rarefaction (a negative wave) ; and consequently such 
waves if they exist at the same time must be in diflferent 
parts of the tube. 

We shall now shew how two such waves may have a 
common origin, in which case they must both, be embraced 
in a connected system of general integrals. 

Let us suppose a rigid diaphragm in the middle of the 
tube, and let this diaphragm suddenly move forward through 
i, short space. The result of this one movement will be the 
generation of two waves, — a positive wave on the front of 
the diaphragm, and a negative wave on the back of the dia- 
phragm. In the strictest sense the two waves have a commoit 
origin, and they are alike included in the same differential 
equation of motion. It is the work of integration to bring 
to Hght the fact that one of them fever remains on one 
side of the diaphragm, and the other on the other side ; 
and that the motion of one wave is in one direction, and 
that of the other in the opposite direction, while yet v haa 
the same algebraic sign in both. 
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r Now the motion of the diaphragm, or (which is the 
same thing) of the particles of air in contact with the dia- 
phragm on both its sides, is the datum from which both 
waves are to be determined. If we take the original position, 
of the diaphragm to be where aj=0, we see that (since 
(7= C'= 1) for the particles in contact with the diaphragm,^ 
we have from equations (1), on the front side, where a; = 0, 

u=pt + F{p)\ 
= t + F'{p)r 

and from equations (2), on the back side, where x = 0, 

u-=pt+f{p)\ 
O-t+f'ip)]' 

The comparison of these sets with one another shews 
us that F^f, since t and p (or v) are the same in both 
sets of equations. 

Hence when a positive and a negative wave have a 
common genesis, the former will be represented by equations 
(1) and the latter by equations (2) when F is written for /.. 
And when this is done, the two sets of equations (1) (2) 
taken together embrace the whole effect due to the motion of 
the diaphragm, and consequently for that case represent 
the complete integral of the proposed equation. 

Here then we have a device by which Analytical Symbols 
meet all possible cases. We may have to consider the pro- 
perties of a solitary wave, it may be a wave of condensation ; 
or it may be a wave of rarefaction ; we are furnished with 
appropriate integrals, which in themselves shew that they 
cannot be used together for the same part of the medium, 
corresponding to the physical £act that two such waves 
cannot exist together in the same place. Or we may havq 
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giyen^ the fact that an agitation has been produced in one 
place in the cylinder, and we know that two waves moving 
in opposite directions will result from it. The originating 
cause is one, and the arbitrary frinction which has to re-» 
present that cause is one. The two integrals become con- 
nected by writing F for/; but still the integrals are two, 
and though connected in the way just mentioned cannot be 
combined together so as to be coexistent in the same part 
of the cylinder, all which corresponds accurately with 
physical fact. • 

Thus what at first seems to be a failure of integration is 
a necessary part of the process for obtaining the two inte- 
grals which may be taken separately ; or when taken 
together constitute the complete integral of the proposed 
equation. 

These ideas are the necessary results of the method of 
integration proposed in this Essay. They are put forward 
with diffidence for the consideration of mathematicians who 
have more leisure to devote to such difficulties than the 
author. 

One thing is evident, that the existence of an accumula- 
tion of medium in one part of the cylinder necessitates the 
existence at the same time of an equal deficiency of mediumi 
in another part of the cylinder, since the motion of the 
diaphragm in the genesis of the two waves cannot alter the 
whole quantity of medium in the tube : and as these two 
efifects of one cause are coexistent in time but not in place, 
two integrals seem to be inevitably necessary. If necessary^ 
by what means is the process of integration to force them 
upon us ? In the last two Examples we have seen how this 
may be done. No doubt Analytical Symbols may in other 
cases have other methods of accomplishing the same object, 
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Equal Radii of Curvature of Contrary Signa^ 

An example will now be given which will bring before 
us a diflSculty of another kind. Mathematicians have in- 
vestigated the partial differential equation which embodies 
the condition, that at each point of a surface the two prin- 
cipal radii of curvature are equal and of opposite signs. And 
this equation has been proposed for integration with the 
object of finding the general equation of the family of sur- 
faces which all possess this property. This will be our 
next example. 

Ex. 10. To integrate 

(1 +^^) d^u - 2.pid4^u + (1 + ^) d;^u =^0. j^' 

Divide by 1+2?* and compare the equation with for- 
mula (5). 

/. 2)^ + ilf=-:f^SL and M.D^ = \^^\ 

1+p 1+p 

and Dtp + MDiq-0. 

The first two of these equations give us two values for 
Dp;, and two corresponding values for M. But neither of 
the values of J)fD will enable us to obtain an integrable 
equation. It is not, as in the preceding Examples, that we 
are furnished with one integrable and one unintegrable equa- 
tion. In this example nothing integrable can be found. / 

Let us endeavour to find out the reason of this diffi- 
culty. 



k 



122^ EQUATIONS OP THE SECOND ORDER. 

If at any point of a surface C^, C, represent the principal 
curvatures, and C any other curvature at the same point, 
we have the following equation, connecting these quantities 
together, in Treatises on the Geometry of Surfaces, 

a=(7,co8»5 + (7,sin«5. 

The meaning of 6 is well known. Now if C^i =— C,^ 
which is the ease in this example, we have 

a=(7jCos2^. 

And this equation shews that 

as 6 passes from — 45® to + 45^ (7 is + ; 

+45Uo 135^ ais-; 

135^0 225^ ais+; 

225' to 315*, (7 is-. 

Thus at a point of a surface where the principal radii of 
curvature are equal and of contrary signs, the surface will 
be corrugated, the corrugations tending /rowi the point as a 
centre, and being alternately above and below the tangent 
plane at the point. Briefly we may say, such a point is a 
centre of corrugation. But from the very nature of a con- 
tinuous surface every point of it cannot be a centre of cor- 
nigation ; and consequently there is no surface that possesses 
the property embodied in the proposed differential equation. 
Are we not correct in expecting that such an equation cannot 
have an integral ? 

Yet there is one way of finding an integral, — ^to assume 
that simultaneously we must have 

d^u^O, dtdgU^O, dJu^O. 
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These satisfy the proposed diflferential equation and give 
us the following integral, 

which is the equation of a plane surface, and is in fact the 
only answer the proposed problem admits of. 

Strictly speaking, however, this integral is neither an 
answer to the proposed problem, nor an integral of the pro- 
posed equation. For a plane surface has no curvature, and 
consequently also no radii of curvature : and the three equa- 
tions d^u = 0, d^^u = 0, d/t^ = are an evasion of the pro- 
posed equation, not an equivalent for it. 
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CHAPTER XL 

SUPPLEMENTAL ARTICLES. 

In the preceding Chapters the fonns of quasi-constanta 
have been determined by comparison of a proposed equation 
with general formulse ; and this has been found sufficient for 
the majority of equations generally proposed for integration 
in the ordinary Works upon this subject. But the principle 
on which the Method of this Essay is founded is embodied 
in the right use of the equation 

DiU = dtU + D^ . dg,u + D^y , dyU + ••. 

or, more generally, 

The use of other formulse is a convenience in most cases, 
but not a necessity : and there are equations and classes of 
equations, the successful integration of which will depend 
solely on a skilful use of the above fundamental form where- 
by the change of the system of independent variables is 
effected. 

To the skilful use of this form we must look for an 
extension of success into fresh fields of difficulties. An 
example or two will illustrate what is here meant. 
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I. Ex. 1. To integrate 



aji 



None of our formulae are of this form, we therefore arbi- 
trarily assume that the new system of variables is such as 
to allow us to write 

The reason of the minus sign being assumed in this 
equation will be seen in the next step, — ^it gives us an inte- 
grate equation. 

;•. tt = f . 

d*u 
For brevity write v for ^— in the proposed equation, 

/. x = vt + ^{v) ....; .-.(l). 

Diflferentiate this equation with D^, remembering that 

Divide by i/t; and integrate with 8t ; 

.-. 2« Vf + s, (^) = J'(f) (2). 

Substituting te for f and eliminating v between equa- 
tions (1) and (2), we have the integral required. 

The above is applicable to two independent variables only, 
but the following example is BO stated as to be applicable 
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to any number of independent variables, DiU beuig eqiial to 
diU + Dfic . dju + Dty . d^u + . . . ; and the quantity represented 
by Q is under no restriction but this, that jD^Q is to be either 
a constant or a quasi-constant. 

Ex. 2. To integrate 

For brevity write v for Dm, 

.'. Q-\-uv^<f>{y)..... (1). 

Divide this by v and differentiate with D^, remembering 
that DtU = t; ; 



Divide by JD^Q + v* and integrate with 8t ; 

or, (M + 1)*.^+ -S,(A<2+t;T*d.(?) =i^(f.'7> S ..0. 

We must substitute for f , 17, J; ... their values and then 
eliminate v between this and equation (1) ; and the result 
will be the required integral 

The following are particular examples of this class. ' 

(3) To integrate 

ht -{-hx + u (tfjU + ad„v) = ^ {d^u + ad^u). 



SUPPLEMENTAL ARTlCLEa 12f 

(4) To integrate 

ht + kx-{-u (dtU + - dfgu) = (f> {dtU + -- dgu). 

t t 

(6) To integrate 

SS OS 

ht + kx+ly + u [dtU + - djti + adyv) = ^ {djtU + ~ d^jM + ad^u). 

11. The chief object in Chap. VIIL was to shew how to 
deprive a particular class of linear equations of coefficients 
which were not constant, in order to reduce them to linear 
equations with constant coefficients. These being always 
integrable, we were enabled to ascend from their integrals to 
those of the proposed equations. But in Chap. vii. we were 
often conducted for the value of u to a result of one of the 
forms following : 

{<l>dt)\ w = 0, or .{if>dtyt {(l>d,y'^u = 0. 

It is desirable to exhibit the direct dependence of u on 
v ; V being an auxiliary quantity defined by the equation 

(M)^ = (1). 

By actual integration we have 

sP0=^A, + Aj + Af + + AJ"'; 

that is, ^^"O will represent a series in integer powers of t from 
to n— 1, the coefficients of which are all arbitrary. We 
shall therefore take 5 "0 to represent any series of the above 
form when all its coefficients are arbitrary. It is to be 
distinctly understood that the series represented by ^^"O is 
definite in form and indefinite in the coefficients of its terms. 
This will give risei;o a peculiarity in its use, — ^it will enable 
us with proper explanations to use the sign -of equality in 
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some cases where the strict logic of the steps would require 
the use of a sign of equivalence only. 

Since ^^O is constant, by multiplying equation (1) by it 
we have 

(<H) • vsfi = (2). 

Also, since 8^0 contains t to the first power only, if we 
operate with (^tfj) on v$tO, by formula (1) Art 39 we have 

(^<) . w/0 = 8t*0 . {jid^v + sfi . {<l>dt) V 

= (<^'(i).wA by(l); 

/. (<j>d,y . <0 = (<l>'d,) (<K) . vsfi 

= 0, by (2). 

We see then that the formula 

(<Kr.wrO = 0. (3) 

holds good for n = l, and n^ 2. We see also that it holds 
good in these cases because v satisfies equation (1) ; and that 
in consequence of this we may write for v any quantity what- 
ever (or the sum of any such quantities) which satisfies equa- 
tion (1). The form (3) will therefore hold good for «= 1, 2, 

if we write for v any quantity such as {j>d^v, or {<f)"dt)v, 

because each of these when written for v in equation (1) wiU 
satisfy it as well as v. 

We will now suppose that equation (3) is true for all 
integer values of ft from 1 to (w — 1) ; and we shall shew that 
in that case it is true for the next value of n. 

By the formula of Art 36 we have 
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= 8^0. (<l>'d,)v +^8^0. {<!>%) V+ 



But each term of the right hand will vanish, by hypo- 
thesis, if it be operated on with (^«)**"^ ; 

/. {<f>dt)\ V8t''0 = (3). 

This equation is therefore universally true for positive 
integer values of n, both for v and for any quantity instead 
of V which will satisfy equation (1). 

Now if equation (1) be a linear equation of the m*^ order, 
we know that the complete value of v will consist of the 
sum of m independent partial values, each of which will 
satisfy equation (1) ; and consequently the left-hand member 
of equation (3) will be made up of the sum of m parts, each 
of which independently satisfies it. 

Now a glance at the process by which equation (3) has 
been proved will convince us that it is not necessary that the 
arbitrary constants in 5t"0 should have the same values in 
each of the independent parts of v. We therefore interpret 
the symbol vs^^O as meaning that each part of v is to be 
multiplied by s^^O ; and that s *0 is to be considered in each 
of the parts to be independently arbitrary. 

From this explanation it will be seen that if {(f>dt) . v = 
be of the m*^ order, v involves m independent partial in- 
tegrals ; and, as 5*0 involves n arbitrary constants which are 
diflferent for each part of v, the expression ^^^"O will involve 
mn arbitrary constants. 

If, therefore, we have such an equation as the following, 

(<f>d,)\u=^0 •••••(*)> 

by comparing it with equation (3) we have the following a3 

E, ^ 



\ 
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its integral, 

u=-vs;0 (5), 

and this is the complete integral of equation (4), because it 
contains mn arbitrary constants, and equation (4) is of the 
degree mn. 

We aire now able also to bring u in the equation, 

{<f>d,yt{<i>d,y-^u==o (6), 

into connexion with v; for on comparing this equation with 
equation (4), we have here t (ffxItY'^u for u there ; and con- 
sequently by equation (5) we have 

t {ifxi.Y'^u = vsi'O (7). 

Now in dividing this equation by t we must remember 
that 5*0 is a series in integral powers of t from f to T**; and 
therefore, if we divide it by t, the quotient will consist of two 
parts, one of which contains powers of t from f to f*, and 
which may therefore be represented by «<**"^0; and the other 
will be represented by r%0; 

.-. {(fxitY-^u = vsr^O +%fi. 

Operate on both sides of this equation with (^<)"*^, {see 
equation (3)}, 

.-. 2^ = (Mr'.%tO (8). 

This is the integral of equation (6). 

Eemaee. efS will (as before explained) be different for 
every part of v ; hence the value of u just found will contain 
m arbitrary constants if (^c?^)« be of the m!^ order. 
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It may also be remarked, that we are at liberty to write 
Dt for d^\ in which case 

will denote a linear partial differential equation of the m^ 
order, with constant or quasi-constant coefficients, and of any 
number of variables. Also, arbitrary constants will then be 
replaced in v by arbitrary functions of the quasi-constants. 

III. To integrate td^u + ((^ + ajdtU = -j b\. 

Let t = r^, and change the independent variable from 
^ to t; 

Operate on this with (d^* — 6*)"", (see Ex. 9, Chap, vn.) ; 

... r (dr^ - hy-^u = (dr' - & VO 

= (dr - 6)-"0 + {dr -f 5)""0. ..... (Art. 16). 

As the two parts of u are independent, we may take 
them separately and add the results together for the com- 
plete value of u ; 

.-. T. ^^dr^-^e-^^{dr + hf-^'u = €*'<?r"''e-^0, 

If now we divide by t, and consider that 5t*0 contains 
powers of t from t^ to t*"^ and that all the coefficients are 
arbitrary, we shall see that although 

T'hr"^ is not = «^«-iO -f T-^O, 

the two members of this inequality are equivalent for the 
purpose before us. 
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/. {dr + hY'^u = e^dr'^'^T-'^arO. 

The right-hand member, though not equal to ^r'^SrO, is , 
equivalent to it, because ^^0 is arbitrary. By actual dif- 
ferentiation, and preserving the arbitrary character of ^^0, 
we have 

A being an arbitrary constant. 

The other part of u will be obtained from this by writing 
— J for 6; 

After the differentiations have been performed we are to 
write hjt for t. 

IV. To integrate tdiU-\-\^'-a\d^u=^-ryu. 

Change the variable as in the preceding Article, 

... r (J/ - 1') w = 2atf^i^.... (1). 

Operate on this with {d^ — V'Y, 

The two parts of u are independent. Each part contains 
o + 1 arbitrary constants ; and, as there ought only to be one 
in each part, the supernumeraries are to be determined by 
itution in equation (1). Taking one of the two parts of 



fiuhgtitui 
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u and writing €~*^Sr*"*'^0 for u in equation (1), and assuming 

Sr^^'O = B, + Bj + B,t'+... +By, 
we find the following to be the law of the coefficients, 

If in the other term of u we assume 
we have merely to write — & for J in the above law ; 

/. U = €^^(u4, + A^T + JigT* + . . . +u4«t") 

and thus the integral required is completely determined. It 
only remains to write in this result »i/t for t. 

V. In the preceding Chapters we have spoken of the 
equation dtd^u + cu = as in general unintegrable in finite 
terms ; and in Art. 27 we have shewn that its integral, if it 
admit of one in finite terms, cannot contain arbitrary func- 
tions. We shall proceed to shew how a complete first 
integral of it can always be obtained ; and also that with a 
certain restriction the final integral can be obtained also in 
finite terms. 

For, since 

d^jgU+cu = (1), 

multiply by t and diflferentiate with c?<, having first com- 
mutated d^, d^\ 

:. dfd^ . tdtU + ctd^u + CM = 0, 

or {dtd„ + c) . td{(Jb + ai* = 0. 
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Similarly we obtain 

{dtdjg + c) . xd^u + CM = ; 

/. [d^j, + c) {tdiU — a:e4^) = 0, 

which being compared with equation (1) gives, by integrating 
with {d^d^ + c)"^ 

tdtU — xd^u^ku.,^. (2). 

This integral has been obtained in a general manner, and 
is therefore entitled to be taken as a first integral of the 
proposed equation. It contains no arbitrary function but 
only an arbitrary constant. 

(1) Let us now eliminate d^, between (1) and (2) ; 

.•. td^u-\- (1 — A;) dtU-\-cxu = (3). 

Here we see the proposed equation, which is of two 
independent variables, reduced to an equivalent equation of 
one independent variable, for x is here a quasi-constant. 
Unfortunately this equation is of a form that does not gdmit 
of general integration for all possible values of h, k being 
arbitraiy. If, however, we refer to Arts. ill. and iv. we 
shall find it there proved that it does admit of integration 

in finite terms when h differs from ^ by a positive or 

negative integer ; and that the simplest or root-form of the 

integral is that which corresponds to Z; = ^ , 

Now, by Art. ill., if Z7 be the integral for this value 
of h, 

and this is equivalent to 

Z7Va? = ^62V^^^^g-2Vr^^ (4)^ 
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since V = — 4cx, and t = V^- This is only one part of the 
integral, for in obtaining this equation we treated t as the 
leading independent variable. Had we taken x instead of 
t we should have found, 

Consequently the complete integral, found by taking the 
sum of the partial values of w, will be 

This is the complete finite root-integral of the proposed 
equation. 

We call it the root-integral because the integrals for aU 

other values of k which differ by integers from - can be 

obtained from this by mere integration or differentiation 
with 8^ or dt. . 



For U in (4) satisfies the equation (found from (3) by 
1 
2 

td,^U+^d,U-hcxU=0; 



writing ^ for k), 



operate on (3) with rf*~^ ; 

.-. tdt^ .dt^u + ^dt.dt^^u + cx.dt^u = 0. 

Comparing these two equations, we see that 

dt^u^-U; 
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Thus u can be derived from U exactly in the same way 
as in all linear equations with constant coefficients. The 
jEtrbitrary constant k in this case points only to the fact 
that if Z7 be an integral, then d^^'U or «t"Z7will be integrals 
also. 

We may therefore take as the root^integral that 
which is the simplest in form, which is that given in (5) 

and corresponds to A: = ^ . From that we may at pleasure 

derive other forms corresponding to diflferent values of k 
by integration or diflferentiation. 

(2) We have called equation (2) a first integral of the 
proposed equation, but it is so in a peculiar sense only. 
It was obtained by first raising the proposed equation an 
order higher, and then lowering it two orders by integration 
with the compound symbol {dtd„ + cy\ This method of 
obtaining an integral always furnishes a result which requires 
to be checked and limited by substitution in the proposed 
or some equivalent equation, since on account of having been 
obtained from an equation of too high an order it may pro- 
duce a result which is too general. 

(3) Though we cannot for all possible values of the 
arbitrary constant k obtain an integral of equation (3), the 
equation (2) admits of general integration, giving 

ua^=^F{tx) (6). 

If therefore (2), the equation from which this is derived, 
be general, this is the form of the integral for all values of k. 
Nothing remains but to find the form of F for any proposed 
value of k. If u taken from this be substituted in (1), it 
produces an equation of the second order of the same form 
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as (3) ; so that the root-form of F can only be found when 

A = ^ . We learn however from (6), that the subject of F 

is the same for all values of Jc, 

(4) We must now draw attention to the circumstance 
that the proposed equation is known to be satisfied by the 
following equation, 

u^A^^'^-k'B^''^^ (7), 

h, h being arbitrary constants subject to the condition 

Now this value of u does not satisfy (2) ; and conse- 
quently (2), which in one direction embraces too much, in 
another direction does not embrace enough. By raising the 
proposed equation to the third order we expected to embrace 
within our results more than belonged to us, and we now 
find that we have lost some results which ought to be in- 
cluded in a general integral. We shall recur to this subject 
in Art. XIL 

VI. The equation discussed in the preceding Article is 
a particular case of the more general equation 

^(d^jM = (1). 

We shall shew that a first integral of this equation can 
be obtained. 

By formula (2) of Art. 39 we have 

<f> (dtd^) . tdiU = t<j> {dtd^ . dtU + ^' {dfl^ . dtd^u. 

Now diU if written for u in equation (1) will satisfy it, 

.-. <f>{dd<^.dtU^Q\ 

.-. <t> (dfd^ . tdtU = ^'. [dfd^ . didjiA. 
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Similariy, 

which being compared with equation (1) gives. Integrating 
this with (<^ . rfjdj"*, 

td{u — xdju=^Jeu (2). 

This is therefore a first integral of the whole class erf 
equations comprehended in equation (1). 

The integral of the equation (2) is 

u = i^F{tx) (3). 

And this must be substituted in equation (1) ; and the 
resulting equation, if it can be integrated, will give the form 
of F and any restrictions on the values of k which may be 
necessary. It teaches us that the subject of i^ must be tx. 

VIL There is another interesting equation, viz. 

dfd^u + dfd,u + dj/i;a = (1), 

of which a first integral may be obtained in a similar way. 

By commutation of the symbols of operation it will take 
the form 

(d, + dj,) . d^u + dgd^u = 0. 
Multiply by t and difierentiate with c?^, 

/. dt (dgg + dy) . tdtU + dg.dy . tdtU + djl^u = ; 

/. (dtd„ + d^dy + d^^ . td{(i + dJIyU == 0. 
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Similarly, 

{d^d^ + d^dy + dji^ . xdjd + d^dyU = 0, 
and 

{d^^ + d^dy + d^^ . ydyU + d^d^ = 0. 

Adding the last three equations together and taking 
account of equation (1), we have 

(dtdg. + dfjdjf + djly) (td{u + xd^u + ydy^ = 0, 

and integrating this with (rf<c?x + c?<dy + rfa.d!y)"\ we have 

td{fi-\-xdjiA'\'ydyU=^'ku (2). 

This is a first integral of equation (1) ; and being inte- 
grated it gives 

=^(f>D -(3) 



u 



as the integral of equation (1). But the form of/ will have 
to be determined by the substitution of this value of u in 
equation (1). It will depend on the integration of an equa- 
tion of two independent variables. 

VIIL As a companion Article to vi. we may shew how 
to obtain a first integral of another important equation, 

^(2?A)« = o (1). 

in which we suppose B^ = a, and A^ = b ; and /. ^ = a? — a^ 
and f' = ic — 6^. 

By formula (3) of Art. 39 we have (since A|^= J — a, and 
^ {DAt) . ?A<i* = f . <^ {J)At) A,w H- (6 - a) DAiU 
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Similarly, 

^ {DAD • f 'At4 = (a - i) DAtU ; 

/. <l> {DAt) . {^^iU + r^w) = ; 

/. ^AtU + ^'D,u = ku... (2). 

This is the first integral of equation (1). Its integral is 

u = ^^aF(£^'); or r<^^f{m (3)- 

These two forms of u are mutually equivalent. The form 
of the arbitrary function F or /, and any necessary restric- 
tions on the values of k, will have to be ascertained by sub- 
stitution in the proposed equation (1). 

IX. If in the equation 

dt^u = d^u + cu (1), 

we change the independent variables by writing t-hx for t, 
and t — xtoT x, it becomes 

d^d^u^cu (2), 

the root-integral of which we know. We can therefore pass 
at once from the root-integral of this equation to the cor- 
responding integral of equation (1) by writing ^ {t + x) for ^ 

and ^ (^ — ^) for x. Consequently the root-integral of (1) is 

Fw = ^€^^^^^=^^^ + 5€-'^('^'^")^ (3), 

V being equal to either of the quantities 

Jt + x, and Jt — x. 
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Again : from this we may obtain the root-integral of the 
equation 

diU^-d^u^cu (4), 

by writing xJ — 1 for x. Consequently the root-integral 
of (4) is 

Fw = ^€^(^+^^ + 5€-'^^i^^+^^ (5), 

F being equal to either of the quantities, 

»J{t + X V— 1), and f^{t'-xj-'l). 

Bemare. Both in (3) and (5) there are two values of 
u arising from the double values of F, and we may in each 
case take the sum of the two values of u for the complete 
integral. 

X. To integrate the equation 

dtU = d„^u + dy\. 
This may be written in the two forms 

dt\ = dju + cu (1), 

where c stands for dy ; 

dtU^dyU-k-cu (2), 

where c stands for d^. 

The latter may be deduced from the former by inter- 
changing X and y. 

From Art. ix., writing dy for tjc in (3) we obtain 

X • 
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But in the case before us A and B are functions of y, 
being constants only in reference to d; and 4. 



f TVT yi*-x*d, 



Now eV''-*'<^» F(if) = F(i/ + ^/?^^), 

and e"'^^'^'fiy)^f(y " J^^^ ; 

.-. V;u,=Fiy + '^e^:r^)+f{if-^JI^^) (3); 

Fj being equal to either of the two quantities, 

V^ + a:, and V^— a:. 

To obtain the value of w corresponding to the form (2) 
of the proposed equation, interchange x and y, 

.-. V,u = F,{x+ V?3p) +/^ (a, _ V?37) ... (4), 
T^ being equal to either of the two quantities, 

^t + y, and ^t—y. 

The complete integral will be found by adding together 
the partial values of u. 

Again ; from the integral of 

d^u = d^u + dyU, 
we may deduce that of Laplace's equation, 

dtU + c?/m + dj^u = 0, 

by writing os J—1 for a?, and y v — 1 for y. The constituent 
parts of its integral may be written in the following forms • ^ 

V,u =^\F {J¥+^+ y J^) +f{JiFT^ - y J^) ; 



SUPPLEMEKTAL ARTICLES. l43 

F, = (« + a; ^/^)*, or [t-xj^)^; 
V,= {t+yJ^)K or (t-yJ^)K 

The same remark respecting the complete value of u may 
be made in this Article as in the preceding one. 

XI. K we have an equation of the form 

d^^u= d^u + d^u + d^u + ... + cu (1)^ 

the number of independent variables being n, we can reduce 
it to another of w — 1 independent variables. And this we 
can do with n—l independent results. 

For brevity use G to represent df + d/+...+ c, and write 
the equation in the form 

d^wd^u^Cu (2). 

If (as in Art. ix.) we write in this equation t-{-x for t, 
and t — X for x, it becomes 

d^d^u^ Cu (3). 

In the manner of Art. V. we find from this equation 

idiU — xdg,u = hu (4). 

By eliminating d^ between this and (3), we obtain 

td.^u^-{\^h)d^u^Cxu (5), 

in which a? is a quasi-constant. Consequently this equation 
contains only w — 1 independent variables ; and it is equi- 
valent to the proposed equation. 
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Thus it appears that by the above process we can render 
any one of the independent variables x, i/y z, ... in equation 
(1) a quasi-constant ; and consequently there are w — 1 ways 
of reducing their number from n to w — 1 ; and there are 
also w — 1 independent equations of the form of equation (4). 

Again ; if we confine ourselves to the obtaining of the 

root-integrals of equation (1) we are to assume k = ^ in 

equation (5) ; and if we then write t' for 4fcc this equation 
will take the form 

drU = Gu, 
or dj^u = dyU + d^u -f ... -I- cu ; 

which form is the same as that of the proposed equation 
deprived of one of its terms. 

Thus by reversing the process we can pass from the 

form 

dtu — cu, to dtU=^d^u-)rCu\ 

and from the last to 

d^u = d^u -I- dyU + cu ; 

and so on to a similar equation of any number of Inde- 
pendent variables. 

XII. The following equation is interesting as throwing 
some light on the nature of the peculiar first integral ob- 
tained in some of the preceding Articles, and on which indeed 
the success obtained has been entirely dependent. The equa- 
tion referred to is 
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By proceeding with this equation as in Art. V. we easily 
obtain the four following equations : 

{dtd^ -h dgd,) . tdtU -{- d^d^u = (2), 

(di,d^-\- dgdy xd^u-^- d^ju, — (3), 

{dtd^-\- dyd^ .ydgU -{- dfi^u = Q (4), 

(dtd^ + dyd,).zd^u-{-did^u = (5). 

Taking account of equation (1) we deduce from these the 
following results : 

(2) — (3) gives {dfd^ + d^d,) {tdtU — xd^u) = 0, 

(4) - (5) gives {d^d^ -f d/l^ [yd^u -zd^u) = 0, 

(2) + (4) gives (dtd^ + d^,) (td^u -f yd,u) = 0, 

(2) + (5) gives (did^ + d^d^) {td^u + zd^u) = 6, 
(3) + (4) gives {dtd^'>rdyd^{xdji-{-ydj,u)=^0, 

(3) + (5) gives {dtd^ -f d^d^ {xdji + zd,u) = 0. 

It will be seen on examination that of the last six equa- 
tions only three are independent. Integrating them with 
(dtdx + dydg)"^, we obtain the following six first integrals of 
which only three are independent : 

t(JfiU — d:djcU = 7c^Uf and ydyU — zdgU = k^u (6), 

tdtU + ydgU= l^u, and xd^^u + zd^u = l^u ,.....(7), 

tdtU + zdju = JKjM, and adji ■{■ydju, = mju (8) . . 

K. \<}> 
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« 

The integrals of these are (taking them two and two as 
they stand), 

The forms o( F,f,^ are to be determined by the separate 
substitution of these values of u in equation (1). 

In this way, for example, we obtain from the first of 
these the following finite integral of the jproposed equa- 
tion, 

Vu = F(^/tx -f V- yz) +/(VfcD - V- yz), 

the quantity represented by V being any one of these four 
following : 

V^, f^tz, Vxy, */xz^ 

The Theory of the Peculiar First Integrala. 

(1) On turning to the three sets of first integrals (6), 
(7), (8), we perceive at once that no two of the sets can be 
satisfied with the same value of u. From this it follows that 
they are not to be used simultaneously. They point to three 
independent integrals of the proposed equation. 

(2) On looking at the equations from whicli the first 
integrals were obtained we learn that the symbols 

tdt — xdg^ ydy — zd,, xd^+zdg, &c. 
are commutative with dfi^ + d^, on %u 
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(3) To avoid an unnecessary complexity of symbols let 
us confine ourselves to the consideration of the peculiar first 
integral in connexion with the equation 

e?t(7a;W + cw = 0. (9). 

In this case (dt<^z + c) is commutative with {idf-adf^ 
on u. 

Let H represent any simple or compound symbol of 
operation which is thus commutative with (dfdg. + c) on % 

Integrating this equation with (dtdj^ + c)"^ we have the 
following first integral, 

H.u=:Jcu (10). 

If then we can find a form of H which will satisfy the 
one condition contained in its definition, viz. that it is com- 
mutative with {dtdg + c) on u, the above first integral will 
hold good; and between (9) and (10) the final integral is to 
be obtained. Thus there will be as many first integrals as 
we can find independent forms for JBT; and as many final 
integrals as can be formed out of them. 

(4) That H may have several values seems to be ren- 
dered probable by the fact that in the case of the equation 
we are now considering we already know two, viz, 

H^dt + mdg,, and H^tdf-xdg. (11), 

for both of these are of the first order and commutative with 
{dtd^ + c) on u. 

The latter has been already considered ; and the former 
gives, by the elimination of d„ from d^dju, + cu = 0, the fol- 
lowing: 

d^u — hd^u — mcu = 0, 
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the integral of which is of the form 

u = ^F{x)'\-^f{x). 

And as t and x enter fdmilarly into the proposed equa- 
tion, this may be written in the form 

in which aa = c, and ^^ = c. The two terms may be both 
included in the form 

Thus the existence of this final integral is accounted for 
by the fact that dt + mdx, is commutative with (c?tC?a;+ c). 

(5) We have found two difierent and apparently inde- 
pendent forms of H, and from them two corresponding ap- 
parently independent integrals of the proposed equation. 
If these integrals are really independent, and even if the 
two forms of H are really independent, great uncertainty 
would exist as to the generality of the integral of 

dt,d^u + CM = 

found in Art. V. We shall therefore now shew that the 
form of fi* given by the equation 

H^td^-xd^ (12) 

includes the other form of S" which we have just discussed. 

We have not considered it necessary to remark respecting 
the equation 

dtd^u + CM = 0, 

and the other equations derived from it and discussed in 
Arts. IX., X., that as the independent variables t, x enter 
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this equation only in the form dt,.dxy we may write ^ + Cj, 
x-\-c^ instead of t and x. This property is general for all 
independent variables which enter an equation only in the 
form of diflferentials. We ought therefore to have written 
in the integrals derived from those equations ^ + Cj, a? + Cj, 
y + Cg, ... for t, X, y, ... We abstained from doing so for. 
simplicity of symbolic expression. 

Now if in (12) we write a< + ?, bx + m for t and x, we 
have 

B=(t+^^d,-(x + fjd^ (^^)' 

and we observe, that this form of H includes both the forms 
of H before given ; and that H is precisely the same as if 
we had merely written 

t + - for t, and x+r for x. 
a 

We have therefore to make these changes in the integral 
of d^„u + cz* = given in Art. v., and we shall then have 
the integral in a form that includes both forms of H. It is 
therefore not correct to say that H has two independent 
forms. The form discussed in section (4) of this Article is 
necessarily included in the form td^ — xd„ by the general pro- 
perty that the general value of ^ is ^ + Ci, and that of x is 
x + c^l in other words, the forms in which the independent 
variables enter into the proposed differential equations are 
such that we are at liberty arbitrarily to change the origins 
of the independent variables in the integrals. 

(6) But can we reverse the process and shew that the 
integral 
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is included in the general integral found in Art V. the 
general form of which is 

by simply changing the origins of < and ic? It can be done 
as follows. 

For t and x write t + - and xA — in this integral ; and 

a a ° ' 

for brevity let us confine ourselves to the first term of the 
integral, as the result for the other term can be deduced 
from it; 

V a 



wherein a TT represents the remainder of the series obtained 
by the extraction of the root of 



M)( 



1 + 22). 

m) 



It is evident we may suppose the factors 

\J —elm 
*Jay € « , 

which are independent of t and a?, absorbed into the arbitrary 
constant, for which we may therefore Write A hjl ; 

.\ uJat-\-l = Ai^L€ V2< 2m ;,. 
Now as an extreme case let us suppose a = ; 
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The generaUty of this form is not diminished by the 
supposition that ^ + 1 = 0; and as we are at liberty to 
assume that I is negative and m positive, or conversely, that 
I is positive and m negative, we have the two following 
results corresponding to the two terms of the general in- 
tegral, 

But it will be objected to this result that it has been 
obtained by assuming ^ + 00 and x+00 for t and x ; and 
that these assumptions are not lawful. We allow the 
ill^ality of such assumptions; and our reply is that these 
are not the assumptions we have made. If the reader will 
look back he will see that we assumed t = at + I, and 
x==ax + m; and that by these we were directed to write 

t + - for t and x-\ — for a? in the integral. We have done 
a a ^ 

this, and it has conducted us to the above result. 

We feel ourselves therefore entitled to affirm that the 
general value of jff is tdi — xd^ ; and that the general finite 
integral of the equation dtd^u + cm = is that given in Art. v., 
with the understanding that we are at liberty to arbitrarily 
change the origins of. the independent variables in that 
integral 
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JESCHYLI EUMENIDES. The Greek Text, with English Notes 
and English Verse, Translation, and an Introduction. By Bernard 
Drake, M.A., late Fellow of King's College, Cambridge. 
8vo. 3J. (id. 

The Greek text adopted in this Edition is based upon that of IVellauer, 
which may be said^ in general terms^ to represent that of the best manu- 
scripts. But in correcting the Text^ and in the Notes, advantage has been 
taken of the suggestions of Hermann^ Paley, Linwood, and other com- 
mentators. In the Translation, the simple character of the yEschylean 
dialogues has generally enabled the author to render them wUhout any 
material deviation from the construction and idioms of the original Greek. 
ao,ooa9.69. A 
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ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Poste, 
M.A., Fellow of Oriel College, Oxford. 8vo. %s, 6d, 

Besides the doctrine of Fallacies^ Aristotle offers^ either in this treatise 
or in other passages quoted in the commentary^ various glances over the 
world of science and opinion^ various suggestions or problems which are 
still agitated f and a vvvid picture of the ancient system of dialectics^ which 
it is hoped may be found both interesting and iftstructrve, 

Aristotle. — an introduction to ARISTOTLE'S 

RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Senior Fellow and Tutor of Trinity College, Cam- 
bridge. 8vo. 14^. 

This work is introductory to an edition of the Greek Text of Aristotlis 
Rhetoric^ which is in course of preparation. Its object is to render that 
treatise thoroughly intelligible. The author has aimed to illustrate^ as 
preparatory to the detailed explanation of the work, the general bearings 
and relations of the Art of Rhetoric in itself as well as the special mode of 
treating it adopted by Aristotle in his peculiar system. The evidence upon 
obscure or doubtful questions connected with the subject is examined; and 
the relations which Rhetoric bears, in Aristotle's view, to the kindred art 
of Logic are fully considered, A connected Analysis of the work is given, 
sometimes in the form of paraphrase ; and a few important matters are 
separately discussed in Appendices, There is added, as a general Appendix j 
by way of specimen of the antagonistic system of Isocrates and others, a 
complete analysis of the treatise called 'Priropixil ^phs *AX4^avdf>op, with a 
discussion of its authorship and of the probable results of its teaching. 

CATULLI VERONENSIS LIBER. Edited by R. Ellis, Fellow 
of Trinity College^ Oxford. i8mo. 3^. 6d. 

An elaborate Preface deals uoith the arrangement of the verse, and dis- 
cusses various readings, ^* Rarely,^"* says the Saturday Review, ^^have 
we read a classic author with so reliable, acute, and safe a guide.*^ 
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Cicero.— THE second philippic oration. With an 
Introduction and Notes, translated from the German of Karl 
Halm. Edited, with Corrections and Additions, by John E. B. 
Mayor, M.A., Fellow and Classical Lecturer of St. John's 
College, Cambridge. Third Edition, revised. 'Fcap. 8vo. 5^. 

This volume opens with a List of Books useful to the Studetit of Cicero , 
including History^ Chronology^ Lexicons^ and some account of various 
editions^ mostly German, of the works of Cicero, The Introduction is 
based on Halm : where Halm gives a reference to a classic y the passage has 
been commonly printed at length ; where the reference is to HalnCs notes 
on other Ciceronian speeches, or to modern books, the cuiditional matter has 
been incorporated: and the numerous Greek quotations have been retuiered 
into English, The English editor has further Ulustrated the work by 
additions drawn, for the most part, (i) from the ancient authorities ; (2) 
from his own private marginal references, and from collections ; (3) from 
the notes of previous commentators, A copious ^argument'' is also given, 

ft 

DEMOSTHENES ON THE CROWN. The Greek Text with 
English Notes. By B. Drake, M.A., late Fellow of Kmg's 
College, Cambridge. Third Edition, to which is prefixed 
^SCHINES AGAINST CTESIPHON, with English Notes. 
Fcap. 8vo. S-f. . 

An Introduction discusses the immediate causes of the two orations, and 
their general character. The Notes contain frequent references to the best 
authorities. Among the appendices at the end is a chronological table of 
the life and public career of yEschines and Demosthenes, 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. y. 

The late Provost of Eton has here supplied a help to the composition of 
Latin Verse, combined with a brief introduction to Classical Mythology. 

A 2 
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In this ne7v edition a few mistakes have been rectified ; rules have been 
added to the Prosody ; and a more unifoi m system has been adopted with 
regard to the help afforded. 

JUVENAL FOR SCHOOLS. With English Notes. By J. E. B. 
Mayor, M.A. New and cheaper Edition. Crown 8vo. 

[In the Press. 

Marshall.— A table of irregular greek verbs, 

classified according to the arrangement of Curtius' Greek Grammar. 
By J. M. Marshall, M.A., Fellow and late Lecturer of Brasenose 
College, Oxford ; one of the Masters in Clifton Collie. 8vo. 
cloth, is. 

77ie system of this table has been borrowed from the excellent Greek 
Grammar of Dr. Curtius. 

Mayor, John E. B.— first greek reader. Edited 

after Karl Halm, with Corrections and large Additions by John 
E. B. Mayor, M.A. Fellow and Classical Lecturer of St. John's 
College, Cambridge. Fcap. 8vo. dr. 

A selection of short pctssages^ serving to illustrate especially the Greek 
Accidence. A good deal of syntax is incidentally taught^ and Madvigand 
other books are cited^ for the use of masters : but no learner is expected to 
know more of syntax than is contained in the Notes and Vocabulary. 
A preface "To the Reader ^^^ not only explains the aim and method of 
the volume, but also deals with classical ifistruction generally. The 
extracts are uniformly in the Attic dialect, and any Hellenistic forms 
occurring in the original classic authors, such as jElian and Polybius, 
have been discarded in favour of the corresponding Attic expressions. 
This book may be used in connexion with Mayor's ** Greek for Beginners.** 

Mayor, Joseph B.— greek for beginners. By the 

Rev. J. B. Mayor, M.A. Fcap. 8vo. ^r. 6d. 

The distinctive method of this book consists in building up a boy's 
knowledge of Greek upon the foundation of his knowledge of English and 
Latin, instead of trusti^ig everything to the unctssisted memory. The 
forms and constructions of Greek have beett thoroughly compared with 
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those of Latin, and no Greek words have been used in the earlier part of 
the book except such as have connexions either in English or Latin. Each 
step leads naturally on to its successor^ grammatical forms and rules are 
at once applied in a series of grcLduated exercises^ accompanied by ample 
vocabularies. Thus the book serves as Grammar, Exercise book, and 
Vocabulary. Where possible, the Grammar has been simplified ; the 
ordinary ten declettsions are reduced to three, which correspond to the 
first three in Latin ; and the system of stems is adopted. A general 
Vocabulary, and Index of Greek words, completes the work. 

Plato.— THE REPUBLIC OF PLATO. Translated into EngUsh, 
with an Analysis and Notes, by J. Ll. Davies, M.A., and D. J. 
Vaughan, M. a. Third Edition, with Vignette Portraits of Plato 
and Socrates, engraved by Jeens from an Antique Gem. i8mo. 
4^. ^d. 

An introductory notice supplies some account of the life of Plato,, and 
the translation is preceded by an elaborate analysis. ** The translators 
have,^^ in the judgment of the Saturday Review, ^^ produced a book which 
any reader, whether acquainted with the original or not, can peruse with 
pleasure as well as profit. " 

Plautus (Ramsay). — ^the mostellaria of plau- 

TUS. With Notes Critical and Explanatory, Prolegomena, and 
Excursus. By William Ramsay, M.A., formerly Professor of 
Humanity in the University of Glasgow. Edited by Professor 
George G. Ramsay, M.A., of the University of Glasgow. 8vo. 
14s. 
" The fruits of that exhaustive research and that ripe and well-digested 
scJwlarship which its author brought to bear upon everything that he 
undertook are visible throughout it. It is furnished_ with a complete 
apparatus of prolegomena, iwtes, and excursus; and for the use of veteran 
scholars it probably leaves nothing to be desired.^* — Pall Mall Gazette. 

Roby. — A LATIN GRAMMAR for the Higher Classes in Grammar 
Schools. By H. J. ROBY, M.A., based on the Elementary Latin 
Grammar. [/« the Press. 
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Wright.— Works by T. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School. 

HELLENICA ; OR, A HISTORY OF GREECE IN GREEK, as 

related by Diodorus and Thucydides ; being a First Greek Reading 
Book, with explanatory Notes, Critical and Historical. Third 
Edition, with a Vocabulary. 12 mo. 3^. 6</. 
In the last twenty chapters of this volume^ Thucydides sketches the rise 
and progress of the Athenian Empire in so clear a style and in such simple 
language, that the editor has doubts whether any easier or more instruc- 
tive passages can be selected for the use of the pupil who is commencing 
Greek. This book includes a chronological table of the events recorded, 

A HELP TO LATIN GRAMMAR ; or, The Form and Use of Words 
in Latin, with Progressive Exercises. Crown 8vo. 4r. (>d. 
This book is not intended cts a rival to any of the excellent Grammars 
now in use ; but as a help to enable the beginner to understand them. 

THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 
from the First Book of Livy by the omission of Difficult Passages; 
being a First Latin Reading Book, with Grammatical Notes. 
With Vocabulary and Exercises. Second Edition. 5^. 

TTiis work is intended to supply the pupil with an easy construing book, 
which may at the same time be made the vehicle for instructing him in the 
rules of grammar and principles of composition. The notes profess to 
teach what is commonly taught in grammars. It is conceived that the 
pupil will learn the rules of construction of the language much more 
easily from separate examples, which are pointed out to him in the course 
of his reading, and which he may himself set down in his note-book after 
some schetne of his own, than from a heap of quotations amassed for him 
by others. 

Or, separately, 

SEVEN KINGS OF ROME. 3^. 

VOCABULARY AND EXERCISES TO "THE SEVEN KINGS." 

2s. 6d. 
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CLASSIC VERSIONS OF ENGLISH BOOKS, 

AND LATIN HYMNS. 

The following works are, as the heading indicates^ 
classic renderings of English books. For scholars, and 
particularly for writers of Latin Verse, the series has a 
special value. The Hymni Ecclesiae are here inserted, as 
partly falling under the same class. 

Church and Kebbel.— hor^e tennysonian^e. Curan- 

tibus A. J. Church, A.M., T. E. Kebbel, A.M. [/« the Press, 

Latham. — SERTUM SHAKSPERIANUM, Subnexis aliquot 
aliunde excerptis floribus. Latine reddidit Rev. H. Latham, M.A. 
Extra fcap. ovo. 5^. 

Besides versions of Shakspeare this volume contains^ among other pieces y 
Gray's '' Elegy,'' CampbelVs '* Hohenlinden," Wolf is '' Burial of Sir 
John Moore^* and selections from Cowper and George Herbert, 

Lyttelton. — the COMUS of MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. ds, 6d. 

THE SAMSON AGONISTES OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. 6^. 6d. 

Merivale. — KEATS' HYPERION, rendered into Latin Verse. 
By C. Merivale, B.D. Second Edit. Extra fcap. 8vo. 3^. 6d. 

Hymni Bcclesise. — Edited by Rev. Dr. Newman. Extra 
fcap. 8vo. is. 6d, 
Hymns of the Mediaval Church, The first Part contains selections 
from the Parisian Breviary ; the second from those of Rome, Salisbttryy 
and York, 

Trench (Archbishop). — sacred latin poetry, 

chiefly Lyrical, selected and arranged for Use ; with Notes and 
Introduction. Fcap. 8vo. *}s. 
In this work the editor has selected hymns oj a catJiolic religious 
sentiment that are common to Christendom, while rejecting those of a 

distinctively Romish character. 
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Airy. — Works by G. B. AIRY, Astronomer Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Crown 8vo. cloth. 5j. ^d. 

It is hoped that the methods of solution here explained^ and the instances 
exhibited^ will he found sufficient for application to nearly all the important 
problems of Physical Science^ which require for their complete investigation 
the aid of Partial Differential Equations, 

ON THE ALGEBRAICAL AND NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown 8vo. cloth. 6j. ^d. 

In order to spare astronomers and observers in natural philosophy the 
confusion and loss of time which are produced by referring to the ordinary 
treatises embracing both branches of probabilities {the first relcUing to 
chances which can be altered only by the changes of entire units or in- 
tegral multiples of units in the fundamental conditions of the problem ; 
the other concerning those chances which have respect to insensible grada- 
tions in the value of the element measured) the present tract has been drawn 
up. It relates only to errors of observation^ and to the rules^ derivable 
from the consideration of these errors^ for the combination of the results 
of observations. 
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Airy, G. B. — continued. 

UNDULATORY THEORY OF OPTICS. Designed for the Use of 
Students in the University. New Edition. Crown 8vo. cloth, 
dr. dd. 

The undulatory theory of optics is presented to the reader as having the 
same claims to his attention as the theory of gravitation : namely , that it is 
certainly tme^ and that, by mathematical operations of general elegance, it 
leads to results of great interest. This theory explains with accuracy a 
vast variety of phenomena of the most complicate kind. The plan of this 
tract has been to include those phenomena only which admit of calculation, 
and the investigations are applied only to phenomena which actually have 
been observed. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 
Mathematical Elements of Music. Designed for the Use of Students 
of the University. Crown 8vo. 9^. 

This volume consists of sections, which again are divided into numbered 
articles, on the following topics : General recognition of the air as the 
medium which conveys sound ; Properties of the air on which the forma' 
tion and transmission of sound depend ; Theory of undulations a^ applied 
to sound, ^c. ; Investigation of the motion of a wave of air through the 
cUmosphere ; Transmission of waves of soniferous vibrations through dif- 
ferent ga^es, solids, and fluids ; Experiments on the velocity of sound, 
dr»^. y On musical sounds, and the manner of producing them ; On the 
elements of musical harmony and melody ^ and of simple musical composi- 
tion ; On instrumental music ; On the human organs of speech and 
hearing. 

Bayma. — ^the elements of molecular mecha- 

NICS. By Joseph Bayma, S. J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. cloth. lor. 6^. 

Of the twelve Books into which the present treatise is divided, the first 
and second give the demonstration of the principles which bear directly on 
t/ie constitution and the properties of matter. The next three books contain 
a series of theorems and of problems on the laws of motion of elementary 
substances. In the sixth and seventh, the mechanical constitution of mole- 
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cules is investigated and determined : and by it the general properties of 
bodies are explained. The eighth book treats of Inminiferous cether. The 
ninth explains some special properties of bodies. The tenth and eleventh 
contain a radical and lengthy investigation of chemical principles and 
relations^ which may lead to practical results of high importance. The 
t7velfth and last book treats oj molecttlar masses^ distances^ and powers, 

Beasley.— AN elementary treatise on plane 

TRIGONOMETRY. With Examples. By R. D. Beasley, 
M. A., Head Master of Grantham' Grammar School. Second 
Edition, revised and enlarged. Crown 8vo. cloth. 3^. 6d. 

This treatise is specially intended for use in schools. The choice of matter 
has been chiefly guided by the requirements of the three days* examination 
at Cambridge, A bout four hundred examples have been added to this edition, 
mainly collected from the examination papers of the last ten years. 

Boole. — ^Works by G. BOOLE, D.C.L., F.R.S., Professor of 
Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
Revised Edition. Edited by I. Todhunter. Crown 8vo. cloth. 
I4r. 

Professor Boole lias endeavoured in this treatise to convey as complete an 
account 0/ the present state of knowledge on the subject of Differential Equa- 
tions y as was consistent with the idea of a work intended, primarily, for 
elementary instruction. The earlier sections of each chapter contain that 
kind of matter which has ustially been thought suitable for the beginner, 
while the latter ones are devoted either to an account of recent discovery j or 
the discussion of such deeper questions of principle as are likely to present 
themselves to the reflective student in connexion with the methods and 
processes of his previous course, 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by I. Todhunter. Crown 8vo. cloth. 
8j. 6df. 
This volume contains all that Projessor Boole wrote for the purpose of 

cnlar^ng his treatise on DiJ^crential Equations, 
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Boole, G., D.C.Lr. — continued, 

THE CALCULUS OF FINITE DIFFERENCES. Crown 8vo. 
cloth. I or. dd. 

In this exposition of the Calculus of Finite Differences ^ particular attention 
has been paid to the connexion of its methods with those of the Dijferential 
Calculus — a connexion which in some instances involves far more than a 
merely formal analogy. The work is in some measure designed as a 
sequd to Professor Booths Treatise on Differential Equations. 

CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS, 
WITH SOLUTIONS :— 
1848-1851.— PROBLEMS. By Ferrers and Jackson. 8vo. 

cloth. 15^. ^d. 
1848-185 1.— RIDERS. By Jameson. 8vo. cloth, ^s.(id, 
1854. — PROBLEMS AND RIDERS. By Walton and 

Mackenzie. 8vo. cloth. 10^. dd. 

1857. — PROBLEMS AND RIDERS. By Campion and 
Walton. 8vo. cloth. %s. 6d. 

i860.— PROBLEMS AND RIDERS. By Watson and Routh. 
Crown 8vo. cloth, ^s. 6d, 

1864.— PROBLEMS AND RIDERS. By Walton and Wil- 
kinson. 8vo. cloth. lOf. 6d. 

These volumes will be found of great valjie to Teachers and Students^ as 
indicating the style and range of mathematical study in the University of 
Cambridge, 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOSOPHY, for the Degree of B. A. Origmally compiled by 
J. C. Snowball, M.A., late Fellow of St John's College. 
Fifth Edition, revised and enlarged, and adapted for the Middle- 
Class Examinations by Thomas Lund, B.D., Late Fellow and 
Lecturer of St. John's College, Editor of Wood's Algebra, &c. 
Crown 8vo. cloth, ^s. 

This work will be found adapted to the wants y not only of University 
Students^ but also of many others who require a short course of Mechanics 
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and Hydrostatics, and especially of the candidates at our Middle Class 
Examinations, At the end of each chapter a series of easy questions is 
added fqr the exercise of the student. 

CAMBRIDGE AND DUBLIN MATHEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. cloth, 7/. 4f. 

Only a few copies remain on hand. Among Contributors to this 
work wUl he found Sir W. Thomson, Stokes, Adams, Boole, Sir W, R. 
Hamilton, De Morgan, Cayley, Sylvester, Jellett, and other distinguished 
mathematiciaTts, 



Candler.— HELP TO arithmetic. Designed for the use of 
Schools. By H. Candler, M.A. Mathematical Master of 
Uppingham School. Extra fcap. 8vo. 2^. (yd. 

This work \is intended as a companion to any text book that may be 
in use, 

Cheyne.— AN elementary treatise on the 

PLANETARY THEORY. With a Collection of Problems. 
By C. H. H. Cheyne, B.A. Crown 8vo. doth. dr. td. 

In this volume, an attempt has been made to produce a treatise on the 
Planetary theory, which, being elementary in character, should be so far 
complete, as to contain all that is usually required by students in the 
University of Cambridge. 

THE EARTH'S MOTION OF ROTATION. By C. H. H. 
Cheyne, M.A. Crown Svo. 3J. (id. 

The first part of this work consists of an application of the method of the 
variation of elements to the general problem of rotation. In the second 
part the general rotation formula are applied to the particular case of 
the earth. 
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Childe. — THE SINGULAR PROPERTIES OF THE ELLIP- 
SOID AND ASSOCIATED SURFACES OF THE Nth 
DEGREE. By the Rev. G. F. Childe, M.A., Author of 
*' Ray Surfaces,'* " Related Caustics," &c. 8vo. los. 6d, 

The object of this volume is to develop peculiarities in the Ellipsoid ; 
and, further, to establish analagous properties in the unlimited congeneric 
series of which this remarkable surface is a constituent, 

Christie.— A collection of elementary test- 
questions IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal Military Academy, Woolwich. Crown 8vo. cloth. &f. 6d. 

The series of Mathematical exercises here offered to the public is Collected 
from those which the author has, from time to time, proposed for solution 
by his pupils during a long career at the Royal Military Academy, A 
student who finds that he is able to solve the larger portion of these exercises, 
may consider that he is thoroughly well grounded in the elementary prin- 
ciples of pure and mixed Mathematics, 

DaltOn.— ARITHMETICAL EXAMPLES. Progressively 
arranged, with Exercises and Examination Papers. By the Rev. 
T. Dalton, M.A., Assistant Master of Eton College. i8mo. 
cloth. 2s, 6d. 
Answers to the Examples are appended. 

Day .— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. PART I., THE ELLIPSE, witli 
Problems. By the Rev. H. G. Day, M.A., Head Master of 
Sedburgh Granmiar School. Crown 8vo. y, 6d, 

The object of this book is the introduction of a treatment of Conic 
Sections which should be simple and natural, and lead by an easy transi- 
tion to the analytical methods, without departing from the strict geometry 
of Euclid. 
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DodgSOn.— AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear 
Equations and Algebraical Geometry. By Charles L. Dodgson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. Small 4to. cloth, icxf. 6^. 

Hie object of the author is to present the subject as a continuous chain of 
argument^ separated from cUl a£cessories of explanation or illustration. 
All such explanation attd illustration as seemed ttecessary for a beginner, 
are introduced either in the form of foot-notes^ or, where that would have 
occupied too much room, of Appendices. 

Drew.— GEOMETRIC AL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M.A., St. John's College, Cambridge. 
Third Edition. Crown 8vo. cloth. 4^. 6d. 

In this work the subject of Coptic Sections has been placed before the student 
in such a form that, it is hoped, after mastering the elements of Euclid^ he 
may find it an easy and interesting continuation of his gwmetrical studies^ 
With a view, also, of rendering the work a complete manual of what is 
required at the Universities, there have either been embodied into the text or 
inserted among the examples, every book-work question, problem, and rider, 
which has been proposed in the Cambridge examinations up to the present 
time. 

SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SECTIONS. Crown 8vo. cloth. 4^. 6d. 

Ferrers. — an elementary treatise on trilinear 

CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projectors. By the Rev. N. M. Ferrers, M. A., Fellow 
and Tutor of Gonville and Caius College, Cambridge. Second 
Edition. Crown 8vo. 6^*. 6d. 

The object of the author in writing on this subject has mainly been to 
place it on a basis altogether independent of the ordinary Cartesian system, 
instead of regarding it as only a special form of Abridged Notation. 
A short chapter on Determiftants has been introduced. 
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Frost. — THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a collection of 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost, M.A., kte Fellow of St. John's College, 
Mathematical Lecturer of King's College, Cambridge. Second 
Edition. Svo. cloth, icxr. 6d. 

27ie author's principal intention is to explain difficulties which may be 
encountered by the student on first reading the Principioy and to illustrate 
the advantages of a careful study of the methods employed by Newton, by 
showing the extent to which they may be applied in the solution of problems ; 
he has also endeavoured to give assistance to the student who is engaged in 
the study of the higher branches of mathematicsy by representing in a 
geometrical form several of the processes employed in the Differential and 
Integral CalculuSy and in the analytical investigations of Dynamics, 

Frost and Wolstenholme. — a treatise on solid 

- geometry. By Percival Frost, M.A., and the Rev. J. 
Wolstenholme, M.A., Fellow and Assistant Tutor of Christ's 
Collie. Svo. doth. i8j. 

The authors have endeavoured to present before students as comprehensive 
a view of the subject as possible. Intending to make the subject accessiblCy 
at least in the earlier portion^ to all classes of students, they have endea- 
voured to explain completely all the processes which are most useful in 
dealing with ordinary theorems ami problems, thus directing the student 
to the selection oj methods which are best adapted to the exigencies of each 
problem. In the more difficult portions of the subject, they have considered 
themselves to be addressing a higher class of students ; and they have there 
tried to lay a good foundation on which to build, if any reader should 
wish io pursue the science beyond the limits to which the work extends^ 

Godfray.— A treatise on astronomy, for the Use of 
Colleges and Schools. By Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. Svo. cloth. 12s, 6d, 

* This book embraces all those branches of Astronomy which have, from 
time to time, been recommended by the Cambridge Board of Mathematical 
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Godfray, Hugh — continued. 

Studies : but by far the larger and easier portion^ adapted to the first three 
days of the Examination for Honours^ may be read by the more 
advanced pupils in many of our schools. The author's aim has been to 
convey clear and distinct ideas of the celesticU phenomena, 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the tune of Newton. 
By Hugh Godfray, M.A. Second Edition, revised. Crown 
8vo. cloth. 5j. (id. 

These pages will, it is hoped, form an introduction to more recondite 
works. Difficulties have been discussed at considerable length. The 
selection of the method followed with regard to analytical solutions, 
which is the same as that of Airy, Herschel, dx'c, was made on account 
of its simplicity ; it is, moreover, the method which has obtained in the 
University of Cambridge, 



Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use' of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St, John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. cloth. 9^. 

Jones and Cheyne.— algebraical exercises. Pro- 
gressively arranged. By the Rev. C. A. Jones, M. A., and C. H. 
Cheyne, M.A., Mathematical Masters cf Westminster SchooL 
New Edition. i8mo. doth. 2s, 6d, 

This little book is intended to meet a difficulty which is probably felt more 
or less by all engaged in teaching Algebra to beginners. It is, that while 
new ideas are being acquired, old ones are forgotten. In the belief thai 
constant practice is the only remedy for this, the present series of m-iscel- 
laneous exercises has been prepared. Their peculiarity consists in this, 
that though miscellaneous they are yet progressive, and may be used by 
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t?u pupil almost from the commencement of his studies. They etre not 
intended to supersede the systematically arranged examples to be found in 
ordinary treatises on Algebra^ but rather to supplement them. 

The book being intended chiefly for Schools and Junior Students^ the 
higher parts of Algebra have not been included. 

Kitchener.-— A GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Greometrical Drawing preparatory to the Study 
of Geometry. For the Use of Schools. By F. E. Kitchener, 
M. A., Mathematical Master at Rugby. 4to. 2s. 

It is the object of this book to make someway in overcoming the difficulties 
of Geometrical conception^ before the mind is called to the attack of 
Geometrical theorems, A few simple methods of construction are gvven ; 
and space is left on each page, in order that the learner may draw in the 
figures, 

Morgan.— A collection of problems and exam- 
ples IN mathematics. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. cloth. 6s, 6d, 

This book contains a number of problems, chiefly elementary, in the 
Mathematical subjects usually read at Cambridge, They have been 
selected from the papers set during late years at Jesus College, Very few 
of them are to be met with in other collections, and by far the larger 
number are due to some of the most distinguished Mathematicians in the 
University, 

Parkinson. — Works by S. Parkinson, B.D., Fellow and Prae- 
lector of St John's College, Cambridge. 

AN ELEMENTARY TREATISE ON MECHANICS. For the 

Use of the Junior Classes at the University and the Higher Classes 

in Schools. With a Collection of Examples. Fourth edition, revised. 

Crown 8vo. cloth. 9J. tdi 

In preparing a fourth editiofi of this work the author has kept the same 

object in view as he had in the former editions — namely, to include in it 

such portions of Theoretical Mechanics as can be conveniently investigattd 
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Parkinson, S. — tontinued, 

without the use of the Differential CalculuSy and so render it suitable as 
a manual for the junior classes in the University and the higher classes 
in Schools, With one or two short exceptions y the student is fiot presumed 
to require a knowledge of any branches of Mathematics beyond the elements 
of Algebra^ Geometry ^ and Trigonometry, Several additional propositions 
have been incorporated in the work for the purpose of rendering it more 
complete; and the collection of Examples and Problems hcts been largely 
increased, 

A TREATISE ON OPTICS. Second Edition, revised. Crown 8vo. 
doth, los, 6d, 

A collection of examples and problems has been appended to this worky 
which are sufficiently numerous and varied tn character to afford useful 
exercise for the student. For the greater part of them^ recourse has been 
had to the Examination Papers set in the University and the several 
Colleges during the last twenty years. 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 
8vo. cloth. 5^. 6d 

This edition has been carefully revised throughout^ and many new 
illtistrations and examples added^ which it is hoped will increase its 
usefulness to students at the Universities and in Schools, In accordance 
with suggestions from many engaged in tuition, answers to all the 
Examples have been given at the end of the book. 

Pratt.— A TREATISE ON ATTRACTIONS, LAPLACE'S 
FUNCTIONS, AND THE FIGURE OF THE EARTH. 
By John H. Pratt, M.A., Archdeacon of Calcutta, Author of 
* * The Mathematical Principles of Mechanical Philosophy. " Third 
Edition. Crown 8vo. cloth. 6s, 6d, 

The author^ s chief design in this treatise is to give an answer to the 
question, " Bcu the Earth acquired its present form from being originally 
in a fluid state ? " This Edition is a complete revision of the former ones. 
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Puckle. — AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A., Head Master of 
Windermere College. Third Edition, revised and enlarged. Crown 
8vo. cloth, yj. dd, " 

This work has been completely rewritten^ and a large amount 0/ new 
matter has been added to suit the requirements oj the present time. The 
author has written with special reference to those difficulties and mis^ 
Apprehensions which are found most common to beginners. The treatise is 
complete as far cls regards Cartesian Co-ordinates, 

RawHnson.— ELEMENTARY STATICS, by the Rev. George 
Rawlinson, M. a. Edited by the Rev. Edward Sturges, M. A. , 
of Emmanuel CoU^e, Cambridge, and late Professor of the Applied 
Sciences, Elphinstone College, Bombay. Crown 8vo. cloth. 4?. 6d* 

Published under the authority of Her Majesty* s Secretary of State for 
India, for use in the Government Schools and Colleges in India, 

Reynolds.— MODERN methods in elementary 

GEOMETRY. By E. M. Reynolds, M.A., Mathematital 
Master in Clifton College. Crown 8vo. 3^. 6d, 

Geometry has received extensive developments in modern times^ but in 
England there has been no corresponding improvemefit in elementary 
teaching, 

Routh.— AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Numerous Examples. By Edward John Routh, M.A., late 
Fellow and Assistant Tutor of St. Peter's College, Cambridge; 
Examiner in the University of London. Second Edition, enlarged. 
Crown 8vo. doth. 141. 

In this edition the author has made several additions to each chapter. 
He has tried, even at the risk of some little repetition, to make each 
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chapter^ as far as possible, complete in itself so that all that relates to any 
one part of the subject may be found in the same place. This arrangement 
wiU enable every student to select his own order in which to recut the 
subject. The Examples which will be found at the end of each chapter 
have been chiefly selected from the Examination Papers which have been 
set in the University and the Colleges in the last few years. 



Smith (Barnard).— Works by Barnard smith, m.a., 

Rector of Glaston, Rutlandshire, late Fellow and Senior Bursar 
of St. Peter's College, Cambridge. 



ARITHMETIC AND ALGEBRA, in their Principles and Applica- 
tion ; with numerous systematically arranged Examples taken from 
the Cambridge Examination Papers, with especial reference to the 
Ordinary Examination for the B.A. Degree. Tenth Edition. 
Crown 8vo. cloth. lar. dd. 

This manual is now extensively used in Schools and Colleges^ both in 
England and in the Colonies, It has also been found of great service for 
students preparing for the Middle Class and Civil and Military Service 
Examinations, from the care that has been taken to ducidaie the principles 
of all the rules. The present edition has been carefully revised. ** To 
all those whose minds are sufftcietitly developed to comprehend the simplest 
mathematical reasoning, and who have not yet thoroughly mastered the 
principles of Arithmetic and Algebra, it is calculated to be of great 
advantage, " — AxHENiEUM. 

Of this work, also, one of t/ie highest possible authorities, the late Dean 
Peacock, writes: "Mr. Smith's work is a most useful publication. The 
rules are stated with great clearness. The examples are well selected, and 
worked out with just sufficient detail, without being encumbered by too 
minute explanations; and there prevails throughout it that just proportion 
.of theory and practice, which is the crowning excellence of an elementary 
work.** 
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Smithy Barnard — continued, 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 
cloth. 4^*. (id. 

Adapted from the authoi^s work on *^ Arithmetic and Algebra,' by the 
omission of the alg^raic portion, and by the introduction of new exercises. 
The reason of each arithmetical process is Jully exhibited. The system of 
Decimal Coinage is explained ; and answers to the exercises are appended 
at the end. This Arithmetic is characterised as ^^ admirably adapted for 
instruction, combining just sufficient theory with a large and well-selected 
collection of exercises for practice.'''* — JOURNAL OF EDUCATION. 

COMPANION TO ARITHMETIC FOR SCHOOLS. 

\Preparing, 

A KEY TO THE ARITHMETIC FOR SCHOOLS. Seventh 
Edition. Crown 8vo. cloth. 8j. 6^. 

EXERCISES IN ARITHMETIC. With Answers. Crown 8vo. limp 
cloth. 2s. 6d, 
Or sold separately, Part I. is. ; Part 11. is, ; Answers, 6d. 

These Exercises have been published in order to give the pupil examples 
in every rule of Arithmetic. The greater number have been carefully 
compiled from the latest University and School Examination Papers. 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo. cloth. 3J. 
Or sold separately. Parts I. and II. \od. each ; Part III. is. 

This manual, published at the request of many schoolmasters, and 
chiefly intended for National and Elementary Schools, has been prepared 
on the same plan as that adopted in the author^ s School Arithmetic, which 
is in extensive circtdcUion in England and abroad. The Metrical Tables 
have been introduced, from the conviction on the part of the author, that 
the knowledge oj such tables, and the mode oj applying them, will be of 
great use to the rising generation, 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. Com- 
plete in one volume, i8mo. cloth, 6^. 6^. ; or Parts I. II. and III. 
2s, 6d. each. 
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Smith, Barnard — continued. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL AND 
ELEMENTARY SCHOOLS. i8mo. cloth. Or separately, 
Part I. 2d, ; Part II. 3^. ; Part III. 7^. Answers, 6^. 

THE SAME, with Answers complete. i8mo. cloth, u. 6</. 

This Shilling Book of Arithmetic has been prepared for the use of 
National and other schools at the urgent request of numerous masters of 
schools both at home and abrocui. The Explanations of the Rules, and 
the Examples will, it is hoped, be found suited to the most elementary 
classes, 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. cloth. 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. cloth. 
IS, 6d, The same, with Answers, i8mo. is, gd. 

The object of these Examination Papers is to test students both in the 
theory and practice of Arithmetic. It is hoped that the method adopted 
will lead students to deduce results from general principles rather than 
to apply stated rules. The author believes that the practice of giving 
examples under particular rules makes the working of Arithmetic quite 
mechanical, and tends to throw all but very clever boys off their balance 
when a general paper on the subject is put before them, 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
i8mo. cloth. 4r. dd. 

Smith (J. H.).— Works by J. H. Smith, M.A., Gonville and 
Caius College, Cambridge. 

A TREATISE ON ELEMENTARY STATICS. Second Edition. 
8vo. 5j. (>d. 

This treatise is intended to gvve a simple explanation of the part of Statics 
required in the previous examination and the second examination for ordi- 
nary degrees in the University of Cambridge, The examples have been 
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selected from papers set in University Examinations, In this edition some 
explanations of the elementary definitions have been added; and a new and 
simple proof of the first part of the " Parallelogram of Forces ^^ a new 
introdtution to the Principle of Moments^ and a short cKcount of Friction 
have been inserted, 

A TREATISE ON ELEMENTARY HYDROSTATICS. 8vo. 
4r. 6d, 

An explanation of the subject of Elementary Hydrostatics as required 
in the general examination for ordinary degrees at Cambridge, The 
Examples given at the end of the book are taken from Papers set in the 
University Examinations, 

A TREATISE ON ELEMENTARY TRIGONOMETRY. 8vo. 5j. 

This work treats of the elementary parts of Trigonometry^ as required 
of the Candidates for Honours in the previous examination, 

A TREATISE ON ELEMENTARY ALGEBRA. For the Use of 
Colleges and Schools. Crown 8vo. cloth. 6j. ^d. 

The object of this treatise is to explain those parts of Algebra which 
precede the Binomial Theorem. The Author has carefully abstained from 
making extracts from works on the subject in common use. He has written 
at considerable length on the subject of Factors and Fractions, because those 
branches of the subject present great difficulties to beginners. The rule has 
been never to evade a difficulty. The Examples are progressive, easy, and 
to a great extent original. Some have been selected from the Senate House 
Papers of the last three years, and a few from old English, French, or 
German works. 

Snowball.— THE elements of plane and spheri- 
cal TRIGONOMETRY ; with the Construction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. Tenth Edition. 
Crown 8vo. cloth, yj. td. 
In preparing the present edition for the press, the text has been 

subjected to a careful revision ; the proofs of some of the more impor- 
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tant propositions have been rendered more strict and. general; and a 
considerable addition of more than two hundred examples^ taken princi- 
pally from the questions set of late years in the public examinations of the 
University and of individual Colleges^ has been made to the collection of 
Examples and Problems for practice. 



Tait and Steele.— dynamics of a particle. With 

numerous Examples. By Professor Tait and Mr. Steele. New 
Edition. Crown 8vo. cloth. lOr. (id. 

In this treatise will be found all the ordinary propositions^ connectai 
with the Dynamics of Particles, which can be conveniently deduced without 
the use of D'^Alembert^s Principle. Throughout the book will be found a 
number of illustrative examples introduced in the text, and for the most 
part completely worked out ; others with occctsional solutions or hints to 
assist the student are appended to each chapter. For by far the greater 
portion of these, the Cambridge Senate-House and College Examination 
Papers have been applied to. 

Taylor.— GEOMETRICAL CONICS; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B. A., Scholar of St. John's College, Cambridge. Crown 8vo. cloth. 

This work contains elementary proofs of the principal properties of Conic 
Sections, together with chapters on Projection and Anharmonic Ratio, 

Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With numerous Examples. By Septimus Tebay, B.A., Head 
Master of Queeh Elizabeth's Grammar School, Rivington. Extra 
fcap. 8vo. 3^. 6^. j 

The object of the present work is to enable boys to acquire a moderate 
knowledge of Mensuration in a reasonable time. All difficult and useless 
matter has been avoided. The examples for the most part are easy, and 
the rules are concise. 
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Todhunter.— Works by I. TODHUNTER, M.A., F.R.S., 
of SL John's College, Cambridge. 

THE ELEMENTS OF EUCLID. For the Use of Colleges and 
Schools. New Edition. i8mo. cloth. 3^. 6^^. 

As the elements of Euclid areusimlly placed in the hands of young 
students^ it is important to exhibit the work in such a form as will assist 
them in overcoming the difficulties which they experience on their first in- 
troduction to processes of continuous argument. No method appears to be 
so useful as that of breaking up the demoftstrations into their constituent 
parts ; a plan strongly recommended by Professor De Morgan, In the 
present Edition each distinct assertion in the argument begins a new line : 
and at the ends of the lines are placed the necessary references to the 
preceding principles on which the assertions depend. The longer proposi- 
tions are distributed into subordinate parts, which are distinguished by 
breaks at the beginning of the lines. Notes, appendix, and a collection of 
exercises are added, 

MENSURATION FOR BEGINNERS. With Numerous Examples. 
iSmo. cloth. 2s, 6d. 

The subjects included in the present work are those which have usually 
found a place in Elementary Treatises on Mensuration. The mode of 
treatment has been determined by the fact that the work is intended for the 
use of banners. Accordingly it is divided into short independent chapters, 
which are followed by appropriate examples, A knowledge of the elements 
of Arithmetic is all that is assumed; and in connection with most of the 
Rules of Mensuration it has been found practicable to give such explana- 
tions and illustrations as will supply the place of formal mathematical 
demonstrations, which would have been unsuitable to the character of the 
work, 

ALGEBRA FOR BEGINNERS. With numerous Examples. New 
Edition. i8mo. cloth. 2s, 6d, 

Great pains have been taken to render this work intelligible to young 
students, by the use of simple language and by copious explanations. In 
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Todhunter, I. — continued, 

ddermining the subjects to be included and the spcLce to be assigned to ecu:h, 
the Author hcLS been guided by the papers given cU the varums examinations 
in elementary Algebra which are now carried on in this country. The 
book may be said to consist of three parts. The first part contains the 
elementary operations in integral and fractional expressions; the second 
the solution of ^nations and problems ; the third treats of various sidjects 
which are introduced but rarely into examination papers^ and are more 
briefly discussed. Provision has at the same time been m^ide for the 
introduction of easy equations and problems at an early stage— for those 
who prefer such a course, 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. cloth, 
dr. 6^. 

TRIGONOMETRY FOR BEGINNERS. With numerous Examples. 
New Edition. iSmo. cloth, is, 6d, 

Intended to serve as an introduction to the larger treatise on Plane 
Trigonometry^ published by theAutJwr, The same plan has been adopted 
as in the Algebra for Beginners : the subject is discussed in short chapters, 
and a collection of examples is attached to each chapter. The first fourteen 
chapters present the geometrical part of Plane Trigonometry ; and contain 
all that is necessary for practical purposes. The range of matter included 
is such as seems required by the various examinations in elementary Tri- 
gonometry which are now carried on in the country, A nswers are appended 
ut the end, 

MECHANICS FOR BEGINNERS. With numerous Examples. 
iSmo. cloth. 4r. (id, 

Intendai as a companion to the two preceding books. The work forms 
an elementary treatise on demonstrative mechanics. It may be true that 
this part of mixed matliematics has been sometimes made too abstract and 
speculative; but it can hardly be doubted that a knowledge of the elements 
at least of the theory of the subject is extremely valuable even for those 
who are mainly concerned with practical results. The Author has accord- 
ingly endeavoured to provide a suitable introduction to the study of applied 
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Todhunter, I. — continued. 

as well as of theoretical mechanics. The work consists of two parts, 
namely. Statics and Dynamics, It will he found to contain all that is 
usually comprised in elementary treatises on Mechanics, together with some 
additions, 

ALGEBRA. For the Use of Colleges and Schools. Fourth Edition. 
Crown 8vo. cloth. *js, 6d. 

This work contains all the propositions which are usually included in 
elementary treatises on Algebra, and a large number of Examples for 
Exercise. The author has sought to render the work easily intelligible to 
students, without impairing the accuracy of the demonstrations, or con- 
trctciing the limits of the subject. The Examples, about Sixteen hundred 
and fifty in number, have been selected with a view to illustrate every part 
of the subject. Each chapter is complete in itself; and the work will be 
found peculiarly adapted to the wants of students who are without the aid 
of a tectcher. The Answers to the examples, with hints for the solution of 
some in which assistance may be needed, are given at the end of the book, 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. Second Edition, revised. Crown 8vo. cloth. 
7^. dd. 
This treatise contains all the propositions which are usually included 
in elementary treatises on the theory of Eqttations, together with Examples 
for exercise. These have been selected from the College and University 
Examination Papers, and the results have been given when it appeared 
necessary. In order to exhibit a comprehen^e view of the subject, the 
treatise includes investigations which are not found in all the preceding 
elementary treatises, and also some investigations which are not to be found 
in any of them. For the second edition the work has been revised and 
some additions have been made, the most important being an account of 
the researches of Professor Sylvester respecting Newtoris Rule. 

PLANE TRIGONOMETRY. For Schools and Colleges. Third 
Edition. Crown 8vo. cloth. 5J. 
The design of this work has been to render the subject intelligible to 
beginners, and at the same time to afford the student the opportunity of 
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obtaining all the information which he will require on this branch of 
Mathematics, Each chapter is followed by a set of Examples : those 
which are entitled Miscellaneous Examples, together with a few in some 
of the other sets^ Tnay be cutvaniageously reserved by the student for exercise 
after he has made some progress in the subject. In the Second Edition 
the hints for the solution of the Examples have been considerably increased, 

A TREATISE ON SPHERICAL TRIGONOMETRY. Second 
Edition, enlarged. Crown 8vo. cloth. 4^. dd. 

The present work is constructed on the same plan as the treatise on 
Plane Trigonometry ^ to which it is intended as a sequel. In the account 
of Napier^ s Rules of Circular Farts, an explanation has been given of a 
method of proof devised by Napier, which seems to have been overlooked 
by most modem writers on the subject. Considerable labour has been 
bestowed on the text in order to render it comprehensive and accttrate, and 
the Examples {selected chiefly from College Examination Papers) have 
all been carefully verified, 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fourth 
• Edition, revised and enlarged. Crown 8vo. cloth. *js, 6d, 

The Author has here endeavoured to exhibit the subject in a simple 
manner for the benefit of beginners, and at the same time to include in one 
volume all that students tisually require. In addition, therefore, to the 
propositions which have always appeared in such treatises, he has intro- 
duced the methods of abridged notation, which are of more recent origin ; 
these methods, which are of a less elementary character than the rest of the 
work, are placed in separate chapters, and may be ommitted by the student 
at first, 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. Fourth Edition. Crown 8vo. cloth. lar. dd. 

The Author has endeavoured in the present work to exhibit a compre- 
hensive view of the Differential Calculus on the method of limits. In the 
more elementary portions he has entered into considerable detail in the 
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explanoMons^ with the hope that a reader who is without the assistance of a 
tutor may be enabled to acquire a competent acquaintance with the subject. 
The method adopted is that of Differential Coefficients, To the different 
chapters are appended examples sufficiently numerous to render another 
book unnecessary ; these examples being mostly selected from, College £x- 
amination Papers, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Third Edition, 
revised and enlarged. Crown 8vo. cloth, icw. 6^. 

This is designed as a work at once elementary and complete^ adapted 
for the use of beginners^ and sufficient for the wants of advanced students. 
In the selection of the propositions^ and in the mode of establishing them^ 
it has been sought to exhibit the principles clearly^ and to illustrate 
all their most important results. The process of summation has been 
repeatedly brought forward^ with the zHew of securing the attention of 
the student to the fwtions which form the true foundation of the Calculus 
itself as well as of its most valuable applications. Every attempt has been 
made to explain those difficulties which usually perplex beginners^ especially 
with reference to the limits of integrations, A new method has been adopted 
in regard to the transformation of multiple integrals. The last chapter 
deals with the Calculus of Variations, A large collection of exercises^ 
selected from College Examination Papers, has been appended to the several 
chapters, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Second Edition, revised. Crown 8vo. cloth. ^, 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Third Edition, revised and enlarged. Crown 8vo. 
cloth, icw. dd. 

In this work on statics {treating of the laws of the equilibrium of bodies) 
will be found all the propositions which usually appear in treatises on 
Theoretical Statics. To the different chapters examples are appended, 
which have been principally selected from University Examination Papers, 
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In the Third Edition many additiom have been made^ in order to iUus- 
trate the application of the principles of the subject to the solution of 
problems, 

Wilson, J. M. — ELEMENTARY GEOMETRY. Angles, 
Parallels, Triangles, and Equivalent Figures, the Circle and Pro- 
portion. By J. M. Wilson, M.A., Fellow of St John's 
College, Cambridge, and Mathematical Master in Rugby School. 
Extra fcap. 8vo. 3J. td, 

*^ It is an actual substitute for the first two books of Euclid^ in which 
many of his propositions are drawn out from the conception of straigktness^ 
parallelism, angles, with wonderful ease and simplicity, and the methods 
employed have the great merit of suggesting a ready application to the 
solution of fresh problems " — Guardian. 

ELEMENTARY GEOMETRY. PART II. (separately). The 
Circle and Proportion. By J. M. Wilson, M.A. Extra fcap. 
8vo. 2J. 6d, 

Wilson (W. P.) — A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8vo. 
9^. 6d. 

Wolstenholme.— A book of mathematical 

PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's Coll^^e, some- 
time Fellow of St. John's Collie, and lately Lecturer in Mathe- 
matics at Christ's College. Crown Svo. cloth. 8j. 6d. 

Contents: — Geometry {Euclid) — Algebra — Plane Trigonometry — 
Geometrical Conic Sections — Analytical Conic Sections — Theory of Equa- 
fiofis — Differential Calculus — Integral Calculus — Solid Geometry — Statics 
— Elementary Dynamics — Newton — Dynamics of a Point — Dynamics of 
a Rigid Body — Hydrostatics — Geometrical Optics — Spherical Trigonometry 
and Plane Astronomy. 
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SCIENCE.. 

The importance of Science as an element of sound educa- 
tion is now generally acknowledged; and accordingly it 
is obtaining a prominent place in the ordinary course of 
school, instruction. It is the intention of the Publishers to 
produce a complete series of Scientific Manuals, affording 
fuU and accurate elementary information, conveyed in clear 
and lucid English. The authors are well known as among 
the foremost men of their several departments ; and their 
names form a ready guarantee for the high character of the 
books. Subjoined is a list of those manuals that have 
already appeared, with a short account of each. Others 
are in active preparation ; and the whole will constitute a 
standard series specially adapted to the requirements of be- 
ginners, whether for private study or for school instruction. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTRONOMY. With Illustrations. By G. B. 
Airy, Astronomer Royal. Sixth and cheaper Edition. i8mo. 
cloth, ^f. 6^. 

This work consists of six lectures^ which are intended " to explain to 
intelligent persons the principles on which the instruments of an Observa- 
tory are constrtuted {omitting all details^ so far as they are merely sub- 

C 
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sidiary), and the principles on which the observations made with these 
instruments are trmted for deduction of the distances and weights of the 
bodies of the Solar System^ and of a few stars, omitting all minutice of 
formulcBy and all troublesome details of calculation, " The speciality of this 
volume is the direct reference of every step to the Observatory ^ and the full 
description of the methods and instruments of observation, 

ASTRONOMY. 

MR. LOCKYER'S ELEMENTARY LESSONS IN ASTRO- 
NOMY. With Coloured Diagram of the Spectra of the Sun, 
Stars, and Nebulae, and numerous Illustrations. By J. Norman 
LoCKYER, F.R.A.S. Third Thousand. i8mo. ^s, ^d. 

The author has here aitned to give a connected view of the whole subject, 
and to supply facts, and ideas founded on the facts, to serve as a basis for 
subsequent study and discussion. The chapters treat of the Stars and 
Nebults; the Sun; the Solar System; Apparent Movements of the Heavenly 
Bodies; the Measurement of Time; Light; the Telescope and Spectroscope; 
Apparent Places of the Heavenly Bodies; the Real Distances and Dimen- 
sions; Universal Gravitation, The most recent astronomical discoveries 
are incorporated, Mr, Lockyet^ s work supplements that of the Astronomer 
Royal mentioned in the previous article, 

PHYSIOLOGY. 

PROFESSOR HUXLEY'S LESSONS IN ELEMENTARY 
PHYSIOLOGY. With numerous Illustrations. By T, H. 
Huxley, F.R.S. Professor of Natural History in the Royal School 
of MJnes. Eighth Thousand. i8mo. cloth. 4J. ^d. 

This book describes and explains, in a series of graduated lessons, the 
principles of Human Physiology ; or the Structure and Functions of the 
Human Body. The first lesson supplies a general view of the subject. 
This is followed by sections on the Vascular or Veinous System, and the 
Circulation; the Blood and the Lymph; Respiration ; Sources of Loss 
and of Gain to the Blood; the Function of Alimentation ; Motion and 
Locomotion; Sensations and Sensory Organs; the Organ of Sight ; the 
Coalescence of Sensations with one another and with other States of Con- 
sciousness ; the Nervous System and Innervation; Histology, or the 
Minute Structure of the Tissues, A Table of Anatomical and Physio- 
logical Constants is appendea. The lessons are fully illustrated by 
numerous engravings. The manual is primarily intended to serve as a 
text-book for teachers and learners in boys' and girls* schools. 
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QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
ByT. Alcock, M.D. i8mo. i^. (id. 

These Questions were drawn up as aids to the instruction of a class of 
young people in Physiology, 

BOTANY. 

PROFESSOR OLIVER'S LESSONS IN ELEMENTARY 
BOTANY, With nearly Two Hundred. Illustrations, By Daniel 
Oliver, F.R.S., F.L.S. Sixth Thousand. i8mo. cloth, 4r. 6^. 

This book is designed to teach the Elements of Botany on Professor 
ffensloitis plan of selected Types and by the use of Schedules, The earlier 
chapters^ embracing the elements of Structural and Physiological Botany^ 
introduce us to the methodical study of the Ordinal Types, The con- 
cluding chapters are entitl&i^ ** How to dry Plants ^^ and ^^ How to 
describe Plants." A valuable Glossary is appended to the volume. In 
the preparation of this work free use has been made of the manuscript 
materials of the late Professor Henslow, 

CHEMISTRY. 

PROFESSOR ROSCOE'S LESSONS IN ELEMENTARY 
CHEMISTRY, INORGANIC AND ORGANIC. By Henry 
E. RoscoE, F.R.S., Professor of Chemistry in Owens College, 
Manchester. With numerous Illustrations and Chromo-Litho. of 
the Solar Spectrum, and of the Alkalies and Alkaline Earths, 
New Edition, Thirteenth Thousand. i8mo. cloth. 45". td. 

It has been the endeavour of the author to arrange the most important 
facts and principles of Modern Chemistry in a plain but concise and 
scientific form, suited to the present requirements of elementary instruction. 
For the purpose of facilitating the attainment of exactitude in the knowledge 
of the subject^ a series of exercises and questions upon the lessons have been 
added. The metric system of weights and measures^ and the centigrade 
thermometric scale^ are used throughout the work. The new Edition, 
besides new wood-cuts, contains many ctdditions and improvements, and 
includes the most important of the latest discoveries. 
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MISCELLANEOUS. 



ATLAS OF EUROPE. GLOBE EDITION. Uniform in size 
with Macmillan's Globe Series, containing 45 Coloured Maps, on 
a uniform scale and projection : with Plans of London and Paris, 
and a copious Index. Strongly bound in half-morocco, with flexible 
back, gj". 

TJiis Atlas includes all the countries of Europe in a series of 48 Maps 
drawn on the same scale, with an Alphabetical Index to the situation of 
more than ten thousand places ; and the relation of the various maps and 
countries to ecLch other is defined in a general Key-map, The identity of 
scale in all the maps facilitates the comparison of extent and distance^ and 
conveys a just impression of the mag?titude 0} different countries. The 
size suffices to show the provhuial divisions, the railways and main roads, 
the principal rivers and mountain ranges, " This atlas, ^"^ writes the 
British Quarterly, " will be an invaluable boon for tlie school, the desk, or 
the traveller' s portmanteau** 

Bates & Lockyer.— A CLASS-BOOK OF GEOGRAPHY. 

Adapted to the recent Programme of the Royal Geographical 

Society. By II. W. Bates, Assistant Secretary to the Royal 

Geographical Society, and J. N. Lockyer, F.R.A.S. 

\In the Press. 

CAMEOS FROM ENGLISH HISTORY. From Rollo to Edward 
II. By the Author of "The Heir of RedclyfTe." Extra fcap. 
8vo. Second Edition. 5^. 

The endeavour hcLs not been to chronicle facts, but to put together a series 
of pictures of persons and events, so as to arrest the attention, and give 
sjtne individuality and distinctness to the recollection, by gathering together 
details at the most memorable moments. The " Cameos " are intended as 
a book for young people iust beyond the elementary histories of England, 
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and able to enter in some degree into the recU spirit of events^ and to be 
struck with characters and scenes presented in some relief, " Instead of 
dry details,^'* says the Nonconformist, "w^ have living pictures^ faithful^ 
vvvid, and striking,*^ 

HISTORICAL SELECTIONS. Readings from the best Authorities 
on English and European History. Selected and Arranged by 
E. M. Sewell and C. M. Yonge. Crown 8vo. 6s, 

When young children have acquire the outlines of History from ahridg' 
ments and catechisms^ and it becomes desirable to give a more enlarged 
view of the subject, in order to render it really useful and interesting, a 
difficulty often arises as to the choice of books. Two courses are open, either 
to take a general and consequently dry history of facts, such as RussePs 
Modern Europe, or to choose some work treating of a particular period or 
subject, such cts the works of Macaulay and Froude, The former course 
usually renders history uninteresting; the latter is unsatisfactory, because 
it is not sufficiently comprehensive. To remedy this difficulty sdections, 
continuous and chronological, have, in the present volume, been taken from 
the larger works of Freeman, Milman, Palgrca/e, and others, which may 
serve as distinct landmarks of historical reading, " We know of scarcely 
anything,^^ says the Gruardian, of this volume, ^ which is so likely to raise 
to a higher level the average standard of English education,^^ 

Hole A GENEALOGICAL STEMMA OF THE KINGS OF 

ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet, is. 

The different families care printed in distinguishing colours, thus 
facilitating reference, 

A BRIEF BIOGRAPHICAL DICTIONARY. Compiled and 
Arranged by Charles Hole, M.A., Trinity College, Cambridge. 
Second Edition, i8mo. neatly and strongly bound in cloth. 4r. 6^. 

The most comprehensive Biographical Dictionary in the world, con- 
taining more than 18,000 names of persons of all countries ^ with dates of 
birth and death, and wJiat they were distinguished for. Reference is also 
made to Biographies of the persons mentioned. Extreme care has been 
bestowed on the verification of the dates, and tht4s numerous errors, current 
in previous works, have been corrected, 

*^An invaluable addition to our manuals of reference, and, from its 
moderate price, cannot fail to become as popular as it is usejul" — Times. 
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Jephson.— SHAKESPEARE'S TEMPEST. With Glossarial 
and Explanatory Notes. By the Rev. J. M. Jephson. i8mo. 
is, 6d, 

It is important to find some substitute for classical study ^ and it is 
believed that such a substitute may be found in the Plays of Shakespeare, 
Each sentence of Shakespmre becomes^ like a sentence in Thucydides or 
Cicero, a lesson in the origin and derivation of words, and in the funda- 
mental rtdes of grammatical construction. On this principle the present 
edition of the*'*' Tempest" hcts been prepared. The text is taken from the 
** Cambridge Shakespeare," 



Oppen.— FRENCH READER. For the Use of CoUeges and 
Schools. Containing a graduated Selection from modem Authors 
in Prose and Verse ; and copious Notes, chiefly Etymological. By 
Edward A. Oppen. Fcap. 8vo. cloth. 4^. 6^. 

This is a Selection from the best modern authors of France. Its dis- 
tinctive feature consists in Us etymological notes, connoting French with 
t/ie classiccU and modern languages, including the Celtic, This subject 
hcLS hitherto been little discuss^ even by tJie best-educated teachers. 

A SHILLING BOOK OF GOLDEN DEEDS. A Reading Book 
for Schools and General Readers. By the Author of " The Heir 
of Redclyffe." i8mo. cloth. 

A record of some of the good and great deeds of all time, abridged from 
the larger work of the same author in the Golden Treasury Series, 

Vaughan, C. M. -- a shilling book of words 

FROM THE POETS. By C. M. Vaughan. i8mo. doth. 

It hcts beeft felt of late years that the children of our parochial schools, 
and those classes of our countrymen which they commonly represent, are 
capable of being interested, and therefore benefited also, by something higher 
in the scale of poetical composition than those brief and somewhat puerile 
fragments to which their knowledge was formerly restricted. An attempt 
has here been made to supply the want by forming a selection at once 
various and unambitious ; healthy in tone, just in sentiment, elevating in 
thought, and beautiful in expression. 
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Thring. — Works by Edward Thring, M.A., Head Master of 
Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH, 
with Questions. Fourth Edition. i8mo. 2j. 

This little work is chiefly intended for teachers and learners. It took its 
rise from questionings in National Schools^ and the whole of the first part 
is merely the writing out in order the answers to questions which have been 
used cUready with success, A chapter on Learning Language is especially 
addressed to teachers. 

THE CHILD'S GRAMMAR. Being the Substance . of " The 
Elements of Grammar taught in English," adapted for the Use of 
Junior Classes. A New Edition. i8mo, is, 

SCHOOL SONGS. A Collection of Songs for Schools. With the 
Music arranged for four Voices. Edited by the Rev. E. Thring 
and H. Riccius. Folio. 7j. 6^. 

There is a tendeficy in schools to stereotype the forms of life. Any genial 
solvent is valuable. Games do much; but games do not penetrate to 
domestic life^ and are much limited by age. Music supplies the want. 
The collection includes the ^^ Agnus Dei^" Tennyson^ s ^*' Light Brigade" 
Macaulay^s " 2vry,^* d^c, among other pieces. 

Trench, Archbishop. — household book of Eng- 
lish POETRY, Selected and Arranged, with Notes, V 
R. C. Trench, D.D., Archbishop of Dublin. Extra fcap. 8vo. 
5^. bd. 

This volume is called a ^* Household Book,"* by this name implying that 
it is a book for all — that there is nothing in it to prevent it from being 
confidently placed in the hands of every member of the household. Speci- 
mens of all classes of poetry are given^ including selections from living 
authors. The Editor has aimed to produce a book " which the emigrant^ 
finding room for little not absolutely necessary ^ might yet find room for it 
in his trunks and the traveller in his knapsctck, and thcU on some narrow 
shelves where there are few books this might be one." 

" The Archbishop has conferred in this delightful volume an important 
gift on the whole English-speaking population of tfieworld,^"* — Pall Mall 
Gazette. 
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DIVINITY 



Wright, W. Aldis (Co-Editor of the** Cambridge Shakespeare"). 
—THE BIBLE WORD-BOOK. A Glossary of Old English 
Bible Words. By j. Eastwood, M. A., of St. John's College, and 
W. Aldis Wright, M.A., Trinity College, Cambridge. i8mo. 

It is the object of this Glossary to explain and illustrate all such words, 
phrases, and constructions, in the Authorized Version of the Old and New 
Testaments and the Apocrypha, and in the Book of Common Prayer, as 
are either obsolete or archaic. Full explanations are supplied, and these 
illustrated by numerous citations from the elder writers. An index of 
editions quoted is appended. Apart from its immediate subject, this work 
serves to illustrate a weU-marked period in the history of the English 
language. It is thus of distinct philological value, , 

Hardwick.— A HISTORY OF the CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to. the Excommmiication 
of Luther. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. los, 6d. 

The ground-plan of this treatise coincides in many points with one 
adopted at the close of the last century in the colossal work of Schrbckh, and 
since that time by others of his thoughtful countrymen ; but in arranging 
the materials a very different course has frequently been pursued. With 
regard to the opinions of the author, he is willing to avow disUnctly that he 
has construed history with the specific prepossessions of an Englishman and 
a member of the English Church, The reefer is constantly referred to 
the authorities, both original and critical, orCjwhich the statements are 
founded. 
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Hardwick, Archdeacon — continued, 

A HISTORY OF THE CHRISTIAN CHURCH DURING THE 
REFORMATION. By Archdeacon Hardwick. Revised by 
Francis Procter, M. A. Second Edition. Crown 8vo. los. 6d. 

This volume is intended as a sequel and companion to the ^''History oj 
the Christian Church during the Middle AgeP The authot^s earnest 
wish hus been to give the reader a trustworthy version of those stirring 
incidents which mark the ReformcUion period, without relinquishing his 
former claim to characterise peculiar systems, persons, and events according 
to the shades and colours they assume, when contemplated from an English 
point of view, and by a member of the Church of England, 

Maclear. — Works by the Rev. G. F. MACLEAR, B.D., Head 
Master of King's College School, and Preacher at the Temple 
Church, 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. Fourth 
Edition, with Four Maps. i8mo. cloth. 4^. 6d, 

This volume forms a Class-book of Old Testament History from the 
earliest times to those of Ezra and Nehemmh, In its preparation the 
most recent authorities have been consulted, and wherever it has appearai 
useful. Notes have been subjoined illustrative of the Text, and, for the sake 
of more advanced students, references ctdded to larger works. The Index 
has been so arranged as to form a concise dictionary of the persons and 
places mentioned in the course of the narrative; while the maps, which have 
been prepared with considerable care at Stanford's Geographical Establish' 
ment, will, it is hoped, materially add to the value and usefulness of the 
Book, 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, including 
the Connexion of the Old and New Testament. With Four Maps. 
Third Edition. i8mo. cloth. 5^. (id, 

A sequel to the author's Class-book of Old Testament History, continuing 
the narrative from the point at which it there ends, and carrying it on to 
the close of St, Pouts second imprisonment at Rome, In its preparation, 
as in that of the former volume, the most recent and trustworthy authorities 
hofve been consulted, notes subjoined, and references to larger works added. 
It is thus hoped that it may prove at once an useful class-book and a 
convenient companion to the study of the Greek Testament, 
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Maclear, Rev. G. F. — continued. 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. i8mo. cloth. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. i8mo. cloth. 

These works have been carefully abridged from the author's larger 
manuals, 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 
ENGLAND. Second Edition. i8mo. cloth. 2s. 6d. 

This may be regarded as a sequel to the Class-books of Old and New 
Testament History, Like them, it is furnished with notes and references 
to larger works, and it is hoped that it may be found, especially in the 
higher forms of our Public Schools, to supply a suitable manual of 
Instruction in the chief doctrines of the English Church, and a useful 
help in the preparation of Candidates for Confirmation, 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND, with Scripture Proofs, for Junior 
Classes and Schools. iSmo. 6d. 

THE ORDER OF CONFIRMATION. A Sequel to the Class 
Book of the Catechism. For the use of Candidates for Confirma- 
tion. With Prayers and Collects. i8mo. "^d, 

Procter.— A HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Francis Procter, 
M.A. Eighth Edition, revised and enlarged. Crown Svo. 
los. 6d, 

In the course of the last twenty years the whole question of Liturgical 
knowledge has been reopened with great learning and ctccurate research, 
and it is mainly with the view of epitomizing extensive publications, and 
correcting the errors and misconceptions which had obtained curreticy, 
that the present volume has been tut together. 
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Procter and Maclear. — an elementary intro- 
duction TO THE BOOK OF COMMON PRAYER. 
Third Edition, re-arranged and supplemented by an Explanation 
of the Morning and Evening Prayer and the Litany. By the Rev. 
F. Procter and the Rev. G. F. Maclear. Third Edition. i8mo. 

As in the other Class-books of the series^ notes have also been subjoined^ 
and references given to larger works, and it is hoped that the volume will 
be found adapted for use in the higher forms of our Public Schools, and a 
suitable manual for those preparing for the Oxford and Cambridge local 
examinations. This new Edition has been considerably altered, and 
several important additions have been made. Besides a re-arrangement 
of the work genercUly, the Historiccd Portion hets been supplemented by an 
Explanation of the Morning and Evening Prayer and of the Litany, 

PSALMS OF DAVID CHRONOLOGICALLY ARRANGED. 
BY FOUR FRIENDS. An Amended Version, with Historical 
Introduction and Explanatory Notes. Crown 8vo. lOr. 6d. 

To restore the Psalter CLsfar as possible to the order in which the Psalms 
were written, — to give the division of each Psalm into strophes, of ectch 
strophe into the lines which composed it, — to amend the errors cf translation, 
is the object of the present Edition, Professor EwalcPs works, especially, 
that on the Psalms, have been extensively consulted. 

This book has been us^ Tvith satisfaction by masters for private work in 
higher classes in sclwols, 

Ramsay.— THE CATECHISER'S manual; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. Second Edition, i8mo. \s, 6d, 

A clear explanation of the Catechism, by way oj question and answer, 

Simpson. — an epitome of the history of the 

CHRISTIAN CHURCH. By William Simpson, M.A. 
Fourth Edition. Fcap, Svo. 3^. dd, 

A compendious summary of Church History, 
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Swainson.— A handbook to butler*s analogy. By 

C. A. Swainson, D.D., Norrisian Professor of Divinity at 
Cambridge. Crown 8vo. u. 6</. 

This manual is designed to serve as a handbook or road-book to the 
Student in reculingtke Analogy^ to give the Student a sketch or outline map 
of the country on which he is entering, and to point out to him matters of 
interest as he passes along. 



WestCOtt.— A GENERAL SURVEY OF THE HISTORY 
OF THE CANON OF THE NEW TESTAMENT DURING 
THE FIRST FOUR CENTUIUES. By Brooke Foss West- 
COTT, B.D., Canon of Peterborough. Second Edition, revised. 
Crown 8vo. \os, 6d. 

The Author has endeavoured to connect the history of the New Testament 
Canon wUh the growth and consolidation of the Churchy and to point out 
the relation existing between the amount of evidence for the authenticity of 
its component pctrts^ and the whole mass of Christian literature. Such a 
method of inquiry will convey both the truest notion of the connexion of the 
written Word with the living Body of Christy and the surest conviction of 
its divine authority. 

Of this work the Saturday Review writes: " Theological students, and 
not they only, but the general public, owe a deep debt of gratitude to 
Mr, Westcott for bringing this subject fairly before them in this candid and 

comprehensive essay As a th^logical work it is at once perfectly fair 

and impartial, and imbued with a thoroughly rdigious spirit; and as a 
manual it exhibits, in a lucid form and in a narrow compass, the results 
of extensive research and cu:curaie thought. We cordially recommend it, " 



INTRODUCTION TO THE STUDY OF THE FOUR GOSPELS. 
By Brooke Foss Westcott, B.D. Third Edition. Crown 8vo. 
\os, 6d, 

This book is intended to be an Introduction to the Study of the Gospels, 
The atithor has made it a point carefully to study the researches of the great 
writers, and consciously to neglect none. There is an elaborate discussion 
appended ** On the Primitive Doctrine of Inspiration,^^ 
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Westcott, Canon — continued. 

A GENERAL VIEW OF THE HISTORY OF THE ENGLISH 

BIBLE. By Brooke Foss Westcott, B.D. Crown 8vo. icj. 6^. 

" The first trustworthy account we have had of that unique and mar- 
ifellous monument of the piety of our ancestors,"** — Daily News. 

THE BIBLE IN THE CHURCH. A Popular Account of the 

-Collection and Reception of the Holy Scriptures in the Christian 

Churches. Second Edition. By Brooke Foss Westcott, B.D. 

i8mo. doth, 45*. 6d, 

The present book is an attempt to answer a request^ which has been made 
from time to time^ to place in a simple form, for the use of general readers, 
the substance of the author's *^Historyofthe Canon of the New Testament" 
An elaborate and comprehensive Introduction is followed by chapters on 
the Bible of the Apostolic Age; on the Growth of the New Testament ; the 
Apostolic Fathers ; the Age of the Apologists ; the First Christian Bible ; 
the Bible Proscribed and Restored ; the Age of yerome and Augustine ; 
the Bible of the Middle Ages in the West and in the East, and in the 
Sixteenth Century, Two appendices on the History of the Old Testament 
Canon before the Christian Era, and on the Contents of the most ancient 
MSS. of the Christian Bible, complete the volume, 

THE GOSPEL OF THE RESURRECTION. Thoughts on its 

Relation to Reason and History. By Brooke Foss Westcott, 

B.D. New Edition. Fcap. 8vo. 4r. ^d. 

This Essay is an endeavour to consider some of the elementary truths 
of Christianity as a miraculous Revelation from the side of History and 
Reason, If the arguments which are here adduced are valid, they will go 
far to prove thai the Resurrection, with all thcU it includes, is the key to 
the history of man, and the complement of reason. 

Wilson.— AN ENGLISH, HEBREW, AND CHALDEE 

LEXICON AND CONCORDANCE, to the more Correct 

Understanding of the English translation of the Old Testament, 

by reference to the Original Hebrew. By William Wilson, 

D.D., Canon of Winchester, late Fellow of Queen's College, 

Oxford. Second Edition, carefully Revised. 4to. cloth. 25^-. 

The aim of this work is, that it should be useful to clergymen and all 
persons engaged in the study of the Bible, even when th^ do not possess a 
knowledge of Hebrew ; while able Hebrew scholars Iiave borne testimony to 
the help that they themselves have found in it. 
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BOOKS ON EDUCATION. 



Arnold.— A FRENCH ETON; OR, MIDDLE CLASS 
EDUCATION AND THE STATE. By Matthew Arnold. 
Fcap. 8yo. cloth. 2J. dd. 



c< 



^ A very interesting dissertation on the system of secondary instruction 
in France^ and on the advisability of copying the system in EngiandP — 
Saturday Review. 

SCHOOLS AND UNIVERSITIES ON THE CONTINENT. 
8vo. iQf. 6d, 

The Author was in 1865 charged by the Schools Inquiry Commissioners 
with the task of investigating the system of education for the middle and 
upper classes in France^ Italy ^ Germany^ and Switzerland, In the dis- 
charge of this task he was on the continent nearly seven months^ and 
during thai time he visited the four countries named^ and made a careful 
study oj the matters to which the Commissioners had directed his attention. 
The present volume contains the report which he made to them. It is here 
adapted to the use of the general reader, 

ESSAYS ON A LIBERAL EDUCATION. Edited by the Rev. 
F. W. Farrar, M.A., F.R.S., Assistant Master at Harrow, 
late Fellow of Trinity College, Cambridge, and Hon. Fellow of 
King's College, London. Second Edition. Svo. cloth. lar. (id. 

Contents ;-— History oJ Classical Education^ by Charles S, Parker^ 
M,A. ; Theory of Classical Education^ by Henry Sedgwick^ M,A, ; 
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Liberal EdtuaHon in Universities^ by John SeeUy^ M.A. ; Teaching by 
means of Grammar , by E, E. Bowen^ M.A, ; Greek and Latin Verse- 
Composition^ bythejiev, F. W, Farrar ; Natural Science in Stkools, by 
J. M. Wilson, M.A., F,G.S,; The Teaching of English^ by % W. Hales, 
M.A, ; Education of the Reasoning FcLculties, by W, Johnson, M,A, ; 
The present Social Results of Classical Education, by Lord Houghton, 

The Authors have sought to hasten the expansion and improvement of 
liberal education by showing in what light some of the most interesting 
questions of Educational Reform are view^ by men who have had 
opportunities for forming a judgment respecting them, and several of 
whom have been for some time engaged in the work of education at our 
Universities and Schools, 



Farrar.— ON SOME DEFECTS IN PUBLIC SCHOOL 
EDUCATION. A Lecture delivered at the Royal Institution. 
"With Notes and Appendices. Crown 8vo. is. 



Jex-Blake.— A VISIT TO SOME AMERICAN SCHOOLS 
AND COLLEGES. By Sophia Jex-Blake. Crown 8vo. cloth. 
ds, 

" In the following pages J have endeavoured to give a simple and accurate 
account of what I saw during a series of visits to some of the Schools and 
Colleges in the United States, , , , I wish simply to give other teachers an 
opportunity of seeing through my eyes what they cannot perhaps see for 
themselves, and to this end I have recorded just such particulars cts I should 
myself care to know" — Author's Preface. 

*^ Miss Blake gives a living picture of the Schools and Colleges them- 
selves, in which that education is carried on.^"* — Pall Mall Gazette. 



Thring.— EDUCATION AND SCHOOL. By the Rev. Edward 
Thring, M.A., Head Master ot Uppingham. Second Edition. 
Crown 8vo. cloth. 5^. 6^. 
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YoumanS. — modern culture: its True Aims and Require- 
ments. A Series of. Addresses and Arguments on the Claims of 
Scientific Education. Edited by Edward L. Youmans, M.D. 
Crown 8vo. %s, 6d, 

Contents : — Professor Tyndall on tJie Study of Physics ; Dr, Daubmy 
on the Study of Chemistry ; Professor Henfrey on the Study of Botany ; 
Professor Huxley on the Study of Zoology ; Dr. jfi Paget on the Study of 
Physiology; Dr. WheweU on the Educational History of Science ; Dr, 
Faraday on the Education of the Judgtnent ; Dr. Hodgson on the Study 
of Economic Science; Mr, Herbert Spencer on Political Education; 
Professor Masson on College Education and Self Education ; Dr, Youmans 
on the Scientifc Study of Human Nature, An Appendix contains extracts 
from distinguished autJiors^ and from the Scientific Evidence given before 
the Public Schools Commission, 
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